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1 The Alternating Group

1.1 Lemma (a) For n > 3, the group Alt(n) is generated by the 3-cycles of
the form (i,i+ 1,i+2),i=1,...,n— 2.
(b) For n > 5, any two 3-cycles of Alt(n) are conjugate in Alt(n).

Proof (a) Each element in Alt(n) is a product of an even number of trans-
positions. Since

(a,b)(c,d) = ((a,b)(b,¢))((b,¢)(¢,d)) and (a,b)(a,c) = (a,¢,b),

the group Alt(n) is generated by its 3-cycles. Each 3-cycle or its inverse is of
the form (a,b,c) with a < b < ¢. We can reduce the difference ¢ — a by the
formulas

(a,b,d) = (a,b,c)(b,c,d)* and (a,c,d) = (a,b,c)*(b,c,d)

whenever a < b < ¢ < d. This proves the result.

(b) Let 71 and w3 be two 3-cycles in Alt(n). Then there exists o € Sym(n)
with my = omo~!. Since n > 5, there exists a transpositions 7 € Sym(n)
which is disjoint to m;. Thus 7m 771 = 7, so that also (o7)m(07)™! = 7.

but either o or o7 is an element of Alt(n). O

1.2 Theorem For n > 5, the group Alt(n) is simple.

Proof Assume that 1 < N < Alt(n). We have to show that N = Alt(n).
By Lemma 1.1, it suffices to show that N contains some 3-cycle. We choose
1 # o € N and write 0 = 7, - - -7, as product of disjoint cycles v,...,7, in
Sym(n) and distinguish the following 4 cases:

Case 1: One of the cycles v; has length at least 4. Then we can write
vi = (a,b,¢,d,eq, ... es), with s > 0. With p := (a, b, c) we have

N > popto™! = (a,b,c)(a,b,c,d ey, ..., e5)a cb)es, ... e1,d cb a)
= (a,b,d).

Case 2: All cycles 7; have length at most 3 and one of them has length
3. We may assume that v, = (a,b,c¢) and that » > 2. Then v, = (d,e) or
72 = (d,e, f). With p := (a,b,d) we have

N3 p~lopo! = (a,d,b)(a,b,c)(d, e)(a,b, d)(a, c,b)(d, e) = (a,d, b, c,e)
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or
N 3 ptope™ = (a,d,b)(a,b,c)(d,ef)(a,b,d)(a,c,b)(d, f,e) = (a,d,b,c,e)

and, by Case 1, N contains a 3-cycle.

Case 3: All cycles v; are transpositions and r» > 3. Then we can write 0 =
(a,b)(c,d)(e, f)- -+ with pairwise distinct a, b, ¢, d, e, f. With p := (a,c,e) we
have

N 3 pop~ o™t = (a,c,e)(a,b)(c,d)(e, f)(a,e, c)(a,b)c,d)(e, f)
- (a7 ¢, 6)(b7 f? d)

and N contains a 3-cycle by Case 2.

Case 4: 0 = (a,b)(c,d) with pairwise distinct a,b,c,d. Set p := (a,c,e)
with e ¢ {a,b,c,d}. Then

N 3 popto™! = (a,c e)a,b)(c,d)(a, e, c)(a,b)(c,d) = (a,c,e,d,b)

and N contains a 3-cycle by Case 1. U



2 The Frattini Subgroup

2.1 Definition For a finite group G the intersection of all its maximal sub-
groups is called the Frattini subgroup of G. Tt is denoted by ®(G). For the
trivial group G = 1 one sets ®(1) = 1. Note that ®(G) is a characteristic
subgroup of G.

2.2 Proposition (Frattini-Argument) Let G be a finite group, let N be
a normal subgroup of G and let P € Syl (N) for some prime p. Then
G =N-Ng(P).

Proof Let g € G. Then P < N implies gPg ! < gNg~' = N and gPg~! €
Syl,(N). By Sylow’s Theorem, there exists n € N such that ngPg~'n"! = P.
This implies that ng € Ng(P) and g € n™'Ng(P) C N - Ng(P). 0

2.3 Lemma If G is a finite group and H < G such that H®(G) = G then
H=G.

Proof Assume that H < G. Then there exists a maximal subgroup U of G
with H < U. This implies G = H®(G) < U-U = U, which is a contradiction.
0

2.4 Lemma Let G be a finite group and let H and N be normal subgroups
of G such that N < HN®(G). If H/N is nilpotent then every Sylow subgroup
of H is normal in G. In particular, H is nilpotent.

Proof Let P € Syl,(H) for some prime p. Then PN/N € Syl,(H/N).
Since H/N is nilpotent, PN/N is normal in H/N (cf. [P, 8.7]) and also
characteristic in H/N. Since also H/N is normal in G/N, PN/N is normal in
G /N and further, PN is normal in G. Since P € Syl (PN) and PN < G, the
Frattini Argument implies that G = PN - Ng(P) = NNg(P) < ®(G)Ng(P)
and therefore G = Ng(P)®(G). By Lemma 2.3, we have Ng(P) = G and P
is normal in G. 1l

2.5 Corollary (Frattini 1885) For every finite group G, the Frattini sub-
group ®(G) is nilpotent.

Proof This follows from Lemma 2.4 with H := N := ®(G). 0



2.6 Corollary Let G be a finite group. If G/®(G) is nilpotent then G is
nilpotent.

Proof This follows from Lemma 2.4 with H := G and N := ®(G). 0

2.7 Theorem For every finite group G the following are equivalent:
(i) G is nilpotent.

(ii) G/®(G) is nilpotent.

(iii) G' < ®(GQ).

(iv) G/®(G) is abelian.

)

(

(i

Proof (i)=-(ii): This follows from [P, 8.8]

ii)=-(i): This follows from Corollary 2.6.

ii)=(iii): Let U < G be a maximal subgroup. Then U/®(G) is a maxi-
mal subgroup of the nilpotent group G/®(G). By [P, 8.8], U/®(G) is normal
in G/®(G), and therefore U is normal in G. Since U is maximal in G, G/U
has no subgroup different from U/U and G/U. This implies that G/U is
a cyclic group of prime order. In particular, G/U is abelian. This implies
that G’ < U. Since this holds for every maximal subgroup U of GG, we have

G < O(G).
(iii)=(iv): This follows from [P, 4.3(c)].
(iv)=-(ii): This is clear. 0



3 The Fitting Subgroup

3.1 Remark Let p be a prime and let G be a finite group. If P and @) are
normal p-subgroups of GG then P() is again a normal p-subgroup of G, since
|IQP| = |P|-|Q|/|P N Q|. Therefore, the product of all normal p-subgroups
of G is again a normal p-subgroup which we denote by O,(G). By definition
it is the largest normal p-subgroup of G. Clearly, O, is also characteristic in

G.

3.2 Definition Let G be a finite group. The Fitting subgroup F(G) of G
is defined as the product of the subgroups O,(G), where p runs through the
prime divisors of p. If G = 1 we set F(G) := 1.

3.3 Remark Let GG be a finite group and let py,...,p, denote the prime
divisors of the finite group G. Then O,, is a Sylow p;-subgroup of F(G) for
every i = 1,...,r. Since O,,(G), i =1,...,r, is normal in G it is also normal
in F'(G). It follows that F'(G) is nilpotent and that F'(G) is the direct product
of the subgroups O,,,...,0,, (G). Moreover, since O,, is characteristic in G
foralli=1,...,r, also F(G) is characteristic in G.

3.4 Proposition Let G be a finite group. Then F(G) is the largest normal
nilpotent subgroup of G; i.e., it is a normal nilpotent subgroup of G and
contains every other normal nilpotent subgroup of G.

Proof We have already seen in the previous remark that F'(G) is a normal
nilpotent subgroup of G. Let N be an arbitrary normal nilpotent subgroup
of G and let p be a prime divisor of |[N|. Then N has a normal Sylow p-
subgroup P. This implies that P is characteristic in N. Since N is normal
G, we obtain that P is normal in G. Therefore, P < O,(G) < F(G). Since
N is the product of its Sylow p-subgroups, for the different prime divisors p
of |[N|, we obtain N < F(G), as desired. 0

3.5 Corollary Let N; and Ny be normal nilpotent subgroups of a finite
group G. Then NyN, is again a normal nilpotent subgroup of G.

Proof By Proposition 3.4, N; and N, are contained in F(G). Therefore
NN, < F(G). since F(G) is nilpotent, also its subgroup N; N, is nilpotent.
Clearly N1N; is normal in G. U



3.6 Definition A minimal normal subgroup of a finite group G is a normal
subgroup M of G such that M # 1 and every normal subgroup N of G with
is contained in M is equal to 1 or to M.

3.7 Proposition Let G be a finite group.

(a) Ce(F(G))F(GQ)/F(G) does not contain any solvable normal subgroup
of G/F(QG) different from the trivial one.

(b) ®(G) < F(G) and if G is solvable and non-trivial then ®(G) < F(G).

(c) F(G/®(@)) = F(G)/®(G) is abelian.

(d) If N is a minimal normal subgroup of G then N < Cq(F(G)). If
moreover N is abelian then N < Z(F(Q)).

Proof (a) It suffices to show that Ce(F(G))F(G)/F(G) contains no abelian
normal subgroup of G/F(G) different from 1. So let N/F(G) be an abelian
subgroup of C(F(G))F(G)/F(G) which is normal in G/F(G). Then F(G)/leN.
We need to show that F(G) = N. Note that N = F(G)C with C' =
NN Cq(F(G)). Since N/C = F(G)/(F(G) N C) is nilpotent, there exists

[ € N such that Z;(N/C) = 1. Since N < C(F(G))F(G), it follows that

Z(N) < CNN' < CNF(G) < Z(F(G)) < Z(N).

This implies that Z;,1(N) = [Z;(N), N] = 1 and that N is nilpotent. There-
fore, N < F(G).

(b) Since ®(G) is nilpotent (cf. Corollary 2.5) and normal in G, we have
®(G) < F(G). Assume moreover that G is solvable and G # 1. Then
G/®(G) is solvable and ®(G) < G. There exists an abelian normal subgroup
1 # M/®(G) < G/®(G). Since M/®(G) is abelian (and hence nilpotent),
Lemma 2.4 (with H = M and N = ®(G)) implies that M is nilpotent. But
then M < F(G). Therefore, ®(G) < M < F(G).

(c) Since F(G) is nilpotent also F(G)/®(G) is nilpotent. Moreover,
F(GQ)/®(G) is normal in G/®(G). Therefore F(G)/®(G) < F(G/®(G)).
Conversely, we can write F(G/®(G)) = H/®(G) with ®(G) < H < G. Since
H/®(G) is nilpotent, Lemma 2.4 (with N = ®(G)) implies that H is nilpo-
tent and therefore H < F(G). Thus, F(G/®(G)) = H/®(G) < F(G)/2(G).
Since F(G) is normal in G, we have ®(F(G)) < ®(G) < F(G). Since
F(Q) is nilpotent, Theorem 2.7 implies that F'(G)/®(F(G)) is abelian. But
F(GQ)/®(G) is isomorphic to a factor group of F(G)/®(F(G)) and therefore

also abelian.



(d) Since N is a minimal normal subgroup, we either have NNF(G) = 1 or
NNF(G) = N. If N is abelian then, N is nilpotent and N < F(G). It follows
that 1 # NN Z(F(G)) < G (see homework problem), and the minimiality
of N implies N < Z(F(G)). If N is not abelian then N N F(G) = 1 (since
otherwise N < F(G) implies 1 < N’ < N with N’ < N < @ and thus N’ <

char
G, a contradiction). But N N F(G) =1 implies [N, F(G)]| < NN F(G) =1
and N < Co(F(G)). U



4 p-Groups

4.1 Lemma Let G be a group and assume there exists H < Z(G) such that
G/H is cyclic. Then G is abelian.

Proof Let z € G with (xH) = G/H. Every element of G can be written in
the form z™h with n € Z and h € H. For n,n’ € Z and h,h’ € H we have:

! ! ’ ’
2"ha™ b = a2"a™ hh' = 2™ "W h = 2™ hWa"h

and the lemma is proved. U

4.2 Corollary If p is a prime and if G is a group of order p?, then G is
abelian.

Proof By [P, 5.10], we have Z(G) > 1. Therefore, |G/Z(G)| divides p so
that G/Z(G) is cyclic. Now Lemma 4.1 applies. 0

4.3 Definition Let p be a prime. An abelian p-group G is called elementary
abelian, if xP = 1 for all x € G. Equivalently, G is isomorphic to a direct
product of cyclic groups of order p. If G is elementary abelian of order p™,
we call n the rank of G.

4.4 Remark Let p be a prime. If GG is an elementary abelian p-group, then
G is a finite dimensional vector space over the field Z/pZ in a natural way,
namely by defining the scalar multiplication (k + pZ) - x := 2* for x € G
and k € Z. Conversely, each Z/pZ-vector space has an elementary abelian p-
group as underlying group. Therefore, elementary abelian p-groups and finite
dimensional Z/pZ-vector spaces are the same thing. Moreover, every Z/pZ-
linear map between Z/pZ-vector spaces is a group homomorphism and every
group homomorphism between elementary abelian p-groups is also a Z/pZ-
linear map. Therefore, Aut(G) = GL,(Z/pZ) for any elementary abelian
p-group G of rank n. Note also that a subgroup of an elementary abelian p-
group G is the same thing as a subspace and that for X C G the Z/pZ-span
of X is the same as the subgroup generated by X.

4.5 Theorem Let p be a prime and let G be a p-group. Then:
(a) ®(G) = G’ - GP, where G? := ({g* | g € G}). If p = 2, one has
P(G) = G2



(b) G/®(G) is elementary abelian.

(c) For every N < G on has: G/N is elementary abelian <= ®(G) < N.
(d) If U < G, then ®(U) < ©(G).

(e) If N 4 G, then ®(G/N) = ®(G)N/N.

Proof (a)-(c): By Theorem 2.7 and since G is nilpotent, we have G’ < ®(G).
Each maximal subgroup U of G is normal and of index p in G. Therefore,
(gU)? = U and g* € U for each g € G. This implies that G? < ®(G), and
we have G’ - GP < ®(G). This implies (b); in fact, G/®(G) is abelian, since
G' < (G) and (g@(G))? = g?P(G) = ¢(G), since G < P(G). Next we show
(c). If ®(G) < N, then G/N = (G/®(G))/(N/P(G)) is elementary abelian
by (b). Conversely, assume that G/N is elementary abelian and that N # G.
Then N is the intersection of all maximal subgroups of G that contain N; in
fact, the intersection of all hyperplanes of G/N is N/N. This implies that
N < ®(G) and (c) is proved. From (c) we now obtain ®(G) < G’ - GP, since
G/(G' - GP) is elementary abelian. If p = 2 each commutator

1.2

:ny_ly_l = a:ny_ T x_ly_l

JZ_ly_l — (myx_1)2m2(x_1y_1)2

is a product of squares, and therefore G’ < G?. This implies ®(G) = G
(d) This follows from (a), since U’ < G’ and UP < GP.
(e) We have (G/N)? = ({¢g?N | g € G}) = GFN/N and (G/N) =
G'N/N. Now (a) implies

(G/N) = (G/NY - (G/NY = (G'N/N) - (G'N/N)
= (GPG'N)/N = ®(G)N/N ,

and the proof of the theorem is complete. U
4.6 Theorem (Burnside’s Basis Theorem) Let p be a prime and let G
be a p-group with |G/®(G)| = p?, d € N. Then:
(a) Let n € N and z4,...,x, € G. Then
(1,...2y) =G <= (11P(G),...,2,2(Q)) = G/P(G).

(b) Each minimal generating set of G has d elements.
(c) Each element x € G\ ®(G) occurs in some minimal generating set of

G.



Proof (a) With Lemma 2.3 we obtain

(T1,...,x0) =G <= (x1,...,2,)P(G) =G
— (119(G),...,2,P(G)) = G/P(G).

(b) Let {x1,...,z,} be a minimal generating set of G consisting of n
elements. By (a) we have (z1®(G),...,z,®(G)) = G/P(G), and there-
fore d < m. Assume that n > d. Then there exists a proper subset of
{19(G), ..., 2,P(G)} which still generates G/®(G). By (a) the correspond-
ing proper subset of {z1,...,x,} then generates G. This contradicts the
minimality of the set {z1,...,2,}.

(c) If z € G\ ®(G), then z®(G) is nonzero in the vector space G/P(G)
and can be extended to a basis ®(G), 22®(G), ..., 24P(G). Then, by (a)
and (b), {x,zs,..., 24} is a minimal set of generators of G. 0

4.7 Remark (a) Burnside’s Basis Theorem implies that every p-group G
with |G/®(G)| = p is cyclic.

(b) Part (b) of Burnside’s Basis Theorem does not hold for arbitrary
finite groups. For example, the group Z/6Z has the minimal generating sets
{14 6Z} and {3 +6Z,2 + 6Z}.

4.8 Examples (a) We already know two non-isomorphic groups of order 8,
namely the dihedral group Dg and the quaternion group

a=((y %) (% o)

(b) Let p be an odd prime. We will construct a non-abelian group of order
p? as a semidirect product Z/p?Z x Z/pZ with the following action. Recall
that Aut(Z/p*Z) = (Z/p*Z)* where i + p*Z € (Z/p*Z)* corresponds to the
automorphism o; of Z/p?*Z which raises every element to its i-th power. We
have |Aut(Z/p*Z)| = p(p—1) and we observe that 1+p+p?Z is an element of
order pin (Z/p*Z)*, since (1+p+p*Z)? = (1+p)?+p*Z = 1+p?Z. Therefore,
if Y = (y) is a cyclic group of order p* and X = (z) is a cyclic group of order
p, there exists a non-trivial group homomorphism p: X — Aut(Y') such that
the corresponding action satisfies %y = y?*!. This gives rise to a semidirect
product Y x X of order p*. In Lemma 4.12 we will need the following property
of Y x X which is now easy to verify:

{a €Y xX|ad’ =1} = (z,9"). (4.8.a)

10



(c) Let p be an odd prime and let n € N. Then

L oo B v
1 aq
Ep2n+1 Z:{ |ala---aan7ﬁ17"'7ﬁn77GZ/pZ}
1 «,
1

(with zeros in the empty spots) is a subgroup of GL,,,2(Z/pZ) of order p***1,

since

L B - B v\ (1 B - B, o
1

1 ay o)
1 1 o
1 1
L Bi+py - Bt By v+ +aifi+ -+ afs
1 Oé1+0/1
1 ay, + o,

1

The group Ej2n+1 is called the extra-special group of order p***! and exponent

p. Let z,2;,y; € Epenir, 1 =1,...,n, be defined as the elements with precisely
one non-zero entry off the diagonal, namely the entry v = 1 for 2z, a; = 1
for x;, and (; = 1 for y;. Then it is easy to see that the following assertions

hold:
(i) For all 4,7 € {1,...,n} one has

ZX; = X432, 2Yi = Yiz, TjT; = T35, Y;Yi = Yilj,

xiyju if 4 7£ ju
YjZi =

Yz, iti=j.
(ii) Every element g € E2n+1 can be written uniquely in the form
g=aftanyy ey

with ay,...,a,,01,...,b,,c€{0,1,...,p—1}.

11



(ili) g» =1 for all g € Epan+1.

(iv) The subgroups (x1,...,2,,2) and (yi,...,Yn,2) are normal and ele-
mentary abelian.

(V) Z(Epnir) = Blyer = ®(Eyonn) = ().

p P

(vi) If we identify Z := (z) with Z/pZ via z' < i + pZ for i € Z, then the
commutator defines a bilinear form on the 2n-dimensional vector space

V = Epu /7 by
VXVHZ/Z?Z, (gZ,hZ)’—)[g,h],

for g, h € Ep2n+1. This bilinear form is skew-symmetric ([a, b] = —[b, a])
and non-degenerate ([a,b] = 0 for all a implies b = 0).

For n = 1 we obtain a non-abelian group G of order p* and exponent p,
which is generated by a central element z and two elements x,y such that
G = (z, z) x (y) under the action % = zz.

4.9 Lemma Let G be a p-group and let x,y € G.
(a) If G/Z(G) is abelian, then

[z,y]" = [2,y] and (ay)' = xiyi[y_l,a:_l](;) ,

for all © € Ng.
(b) If G/Z(G) is elementary abelian, then (zy)? = xPy? for odd p and
(zy)* = 2ty* for p = 2.

Proof (a) Note that [z,y], [y~ !, 27! € G' < Z(G), since G/Z(G) is abelian.
We prove the two equations by induction on ¢. If 7 = 0 this is trivial. Assume
the equations hold for some 7 € Ny. Then

[z, )" = [z, yl[z, Y] = [, y)le y] = oy~ ly T atya Ty
—_———
c2(a)
_ xi(xym—ly—l)yx—iy—l — gitlyp=i-ly=1 = [:L,H-l’y]
(l’y)ﬁ_l — (wy)’xy — x’ylmy[y_l,x_l]@
with

yo=ay'y sy e =ay'ly e =ayly e

12



and we obtain -
(zy)i+! = xi—i—lyi—i-l[y—l’x—l](lQ )
(b) Note that since G/Z(G) is elementary abelian, we have G? < ®(G) <
Z(G) by Theorem 4.5. By Part (a) we have for odd p:

(wy)? = ayPly e )E).

Since p | (72’), it suffices to show that [y~', 27! = 1. But again by (a), we
have [y~ x71P = [y P, 27 '] =1, since y? € G? < Z(G).
Finally, for p = 2, part (a) implies

(wy)! ==

since y% € G% < Z(Q). 0

4.10 Theorem Let p be a prime and let G be a non-abelian group of order

p3

(a) If p =2, then G = Dg or G = Qs.
(b) If p is odd, then G is isomorphic to E,s or to the group constructed
in Example 4.8(b).
(c) If G is isomorphic to the group in Example 4.8(b) then f: G — G,
a — aP, is a group homomorphism with image Z(G) and elementary abelian
kernel of rank 2.

Proof From Lemma 4.1 we have |G/Z(G)| > p* and from [P, 5.10] we have
|Z(G)| = p. This implies | Z(G)| = p. Lemma 4.1 also implies that G/Z(G) is
elementary abelian. With Theorem 4.5(a) and (c) we have 1 < G’ < ®(G) <
Z(@G), and therefore G' = ®(G) = Z(G).

(a) Assume that p = 2. Then there exists an element of order 4 in
G. In fact, if every element in G is of order 2, G is abelian, since then
[z,y] = zyz~ly™! = xyzry = (xy)?> = 1 for all x,y € G. So let y € G be an
element of order 4 and set Y := (y). Since Y has index 2 in G, it is normal
in G and Y NZ(G) > 1 by Theorem 2.9. This implies that Z(G) < Y and
2(G) = {1y}

(i) If there exists an element z € G \Y of order 2, then G =2 Y x X
with X := {1, 2} and with the only possible non-trivial action zyz~! =y~ 1.
Therefore G = Dx.

13



(ii) If there exists no element x € G Y of order 2, then we pick an
element x € G 'Y of order 4. Everything we proved about y also holds
for z. Therefore, Z(G) = {1,2%} and 2? = y*. Moreover (x) acts on YV
via conjugation in the only non-trivial way: zyxz~! = y~!. This implies
G={ry |0<i<30<j<1}withat =1, ¢* =1, 22 = ¢? and

yr = xy® = yr’r !t = 22y~ = 2?27 Ny? = ay® = 23y, i.e. the multiplication

in G coincides with the multiplication in () when we identify x with <8 ?)

: 0 1
and y with (_1 0

(b) Now we assume that p is odd.

(i) We first consider the case that there exists an element y € G of order
p?. Then Y := (y) is a maximal subgroup of G and therefore normal in G.
Moreover, Z(G)NY > 1 so that Z(G) = (y*). We claim that there exists an
element x € G\Y of order p such that xyz—! = y'™ which then implies that
G is isomorphic to the semidirect product of Example 4.8(b). We prove the
claim. First choose any 27 € G \'Y. Then there exists i € {1,...,p} with
x} = P, since 2§ € G? < ®(G) = Z(G) = (y?). By Lemma 4.9(b) we have
(r1y~ )P = 2y~ = 1 and therefore the element zo := 71y~" € G \Y has
order p. The conjugation of x5 on Y is non-trivial. Therefore, the resulting
homomorphism p: X := (z3) — Aut(Y) = (Z/pZ)* has as image the Sylow
p-subgroup (1 + p +p?*Z) of (Z/p*Z)*. In particular, p(z3) = 1+ p + p*Z for
some j € {1,...,p — 1} and the element x := x% satisfies our claim.

(ii) If there exists no element of order p? in G we denote by z a generator of
Z(G) and choose an element z € G\ Z(G). Then X := (z, z) is elementary
abelian of order p? and also maximal in G. Let y; € G ~ X. Then G &
X %Y with Y := (y;) and with the conjugation action of Y on X. Since
z is central, we have y;zy;! = z. Moreover y;zy; ' = 22/ for some i,j €
{0,...,p—1}. Since the classes of y; and  commute in G/Z(G), we obtain
i = 1. Since G is not abelian we have j # 0, and therefore y,xy; ! = 22/
for some j € {1,...,p—1}. Let k € {1,...,p— 1} with kj =1 mod p and
set y := y¥. Then yzy~' = 1, yay~' = y¥2y;" = 22" = 22 and we obtain
G = X xY = Ej; as described at the end of Example 4.8(c).

(¢c) We may assume that G = Y x X with the notation from Exam-
ple 4.8(b). By Lemma 4.9(b), the map f is a homomorphism. Obviously,
(x,y?) <ker(f) and Z(G) = (y*) < im(f) < G? = Z(G). By the fundamen-
tal theorem of homomorphisms we even have equality everywhere. U

). Therefore, G = Qs.
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4.11 Notation For a p-group G and n € Ny we set
Q.(G):=(req | =1).
Obviously, this is a characteristic subgroup of G.

4.12 Lemma Let G be a p-group for an odd prime p and let N < G. If
N is not cyclic then N contains an elementary abelian subgroup of rank 2
which is normal in G.

Proof Induction on |G|. The base case is |G| = p?. The hypothesis implies
that N = G and that N is elementary abelian. Therefore, we can choose N
as the desired subgroup.

Now let |G| > p3. Since N # 1 it follows from a homework problem
that N has a subgroup M of order p with is normal in G. By [P, 5.10]
applied to M and N, M < Z(N). We first consider the case that N/M is
cyclic. Then N is abelian. Since N is not cyclic, it is a direct product of two
non-trivial cyclic subgroups. This implies that the characteristic subgroup
Q1(N) of N is elementary abelian of rank 2. Thus, ;(N) is a subgroup as
desired. From now on we can assume that N/M is not cyclic. By induction,
applied to N/M < G/M there exists N < U < M with U < G and U/N
elementary abelian of rank 2. Since U is not cyclic, U can be elementary
abelian, the direct product of two non-trivial cyclic subgroups, isomorphic to
E,s or isomorphic to the group in Example 4.8(b). In the first and third case,
choose any subgroup of U of order p* which is normal in G' (see homework
problem for the existence). This subgroup has the desired property. In the
second and fourth case consider 2;(U). This group again has the desired
property, cf. Theorem 4.10. U

4.13 Corollary Let G be a p-group for an odd prime p and assume that G
has precisely one subgroup of order p. Then G is cyclic.

Proof Assume that G is not cyclic. Then Lemma 4.12 with N = G implies
that G' has a normal subgroup which is elementary abelian of rank 2. But
then GG has at least p + 1 subgroups of order p. This is a contradiction. [

4.14 Definition (a) For every integer n > 3 we define the generalized
quaternion group (Qon of order 2" as

2"

n—1 2 _ —
Q?” Z:<[L',y|$2 :1,113' :yz,yxy 1:$ 1)'
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(b) For every integer n > 4 we define the semidihedral group SDan by

SDgn = (z,y | 2® =112 =1yzy ' =22 ).
4.15 Remark (a) The group Q)s» has actually order 2", (z) is a subgroup of
index 2 in Qan, Qa» has only one element of order 2 namely z := y? = 22"
and < z >= Z(Q2n), cf. homework.

(b) It follows from (a) and Theorem 4.10 that the generalized quaternion
group of order 8 is equal to the quaternion group of order 8.

(c) The group SDyn has order 2", the subgroup (x) has index 2. It is the
semidirect product of the cyclic group (z) with the group (y) of order 2.

(d) Without proof we state: If G is a 2-group with precisely one subgroup
of order 2 then G is cyclic or isomorphic to a generalized quaternion group.

(e) Again without proof we state the following result: Let G be a non-
abelian 2-group of order 2", and assume that G has a cyclic subgroup of
order 27!, Then n > 3 and exactly one of the four statements holds:

(i) G is isomorphic to the dihedral group Dan.

)
(ii) G is isomorphic to the generalized quaternion group Qan.
(iii) n > 4 and G is isomorphic to the semidihedral group SDan.
)

(iv) n > 4 and G is isomorphic to the group (z,y | 22" = 1,y* =
1

_ n—2
yay Tt =2,

The groups in (i),(iii),(iv) are semidirect products of the cyclic subgroup
of order 2"~! with a subgroup of order 2. The group in (ii) is not a semidirect
product. They are pairwise non-isomorphic, because the numbers of elements
of order 2 they contain are different.
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5 Group Cohomology

Throughout this section we fix two groups A and G and we assume that A
is abelian.

5.1 Definition Let a: G — Aut(K), z — «, be a homomorphism. We
write the corresponding left action exponentially: «,(a) = % for x € G and

a € A. For n € Ny, we denote by F(G™, A) the abelian group of functions

f: G™ — Aunder the multiplication (fg)(z1,...,z,) = f(x1,...,20)g(x1, ..., Ts),
for f,g € F(G",A) and xy,...,2, € G. If n =0 we set G" := {1}. For each

n € Ny there is a group homomorphism

d" = dy: F(G", A) — F(G™, A)
given by
(@) (@0r- - 00) =" @1, 00)
' (ﬁ1 fxo, ...,y .. ,xn)(—l)i).
: fz(sco, T

for f € F(G",A) and (xo,...,7,) € G"™. For n = 0 we interpret this as
(d°(f))(z) := “f(1)- f(1)~L. Tt is not difficult to see that d"™' o d" = 1 for
n € Ng. This implies that im(d") < ker(d"*!) < F(G", A), for all n € Ny.
We write

B™(G, A) = BY(G, A) = im(d"™)

and
Z"G,A) = Z3 G, A) = ker(d}),

for n € Ny, where we set B°(G,A) := BY%(G,A) := 1. The elements of
B (G, A) are called n-coboundaries and the elements of Z7(G, A) are called
n-cocycles of G with coefficients in A (under the action «). Finally, we set

H™(G, A) :== H"(G, A) := Z"(G, A)/B™(G, A).

The group H? (G, A) is called the n-th cohomology group of G with coefficients
in A (under the action «) and its elements are called cohomology classes. 1f
f € Z"(G,A), we denote its cohomology class by [f] € H"(G, A).

17



5.2 Remark Let a: G — Aut(A) be a homomorphism.
(a) We can identify F(G°, A) with A under the map f — f(1). With this
identification, we obtain

7°G,A) =A% ={ac A| "a=aforal x € G},

the subgroup of G-fixed points of A. Since B®(G, A) = 1, we obtain H°(G, A) =
AC,
(b) A function f: G — A is in Z'(G, A), if and only if

flxy) = “f(y) - f(z)

for all x,y € G. The 1-cocycles of G with coefficients in A are also called the
crossed homomorphisms from G to A. If the action of G on A is trivial, then
the crossed homomorphisms are exactly the homomorphisms. A function
f: G — Ais a l-boundary, if and only if there exists an element a € A such
that

fl@)="a-a™",

for all x € G. These functions are called the principal crossed homomor-
phisms. If G acts trivially on A, then they are all trivial and H°(G, A) =
Hom(G, A).

(c) A function f: G? — A is a 2-cocycle, if and only if

fly, 2) f(x,y2) = flzy, 2) f(2,9),

for all z,y,z € G, and it is a 2-coboundary, if and only if there exists a
function g: G — A such that

fz.y) = "g(y)g(a)g(zy) ™",
for all z,y € G. We will see later that H*(G, A) describes the extensions
1—-A— X — G —1of Gby A, up to a suitable equivalence.
(d) If A has finite exponent e then f¢ =1 for all f € F(G™, A) and all
n € Ny. In particular, each cocycle and each cohomology class has an order
which divides e.

5.3 Proposition Let a: G — Aut(A) be a homomorphism and assume that
G is finite. Then [f]/°! = 1 for all n-cocycles f € Z"(G, A) and all n € N.
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Proof Letn € N, let f € Z(G, A), and let xy,...,z, € G. Then

f(l'o, e ,l‘n_l)(_l)n

n

= xOf(xl, R ,xn) . (H f(xo, ey T 1Ty 73;'”)(_1)1') ‘

=1

If we fix xg, ..., 2,1 € G and multiply the above equations for the different
elements z,, € G, we obtain

f(.To, P 71,”_1)(—1)”\G\

- xo( H f(xh”"x”)) ' ﬁ( H f(xo,-..,$¢—1Ii,...,xn>>(_l)i.

zn€G i=1 z,€G

If we define g: G" ' — Aby g(x1,...,20_1) = [lyec f(21, ..., 1,7), then
the above equation shows that

fll = a1 (g,

and [f]I% =1 in H"(G, A). U

5.4 Corollary Let G and A be finite groups of coprime orders. Then
H(G,A) =1 for all « € Hom(G, Aut(A)) and all n € N.

Proof Let k := |G| and [ := |A|. Then there exist elements r, s € Z such
that 1 = rk + sl. From Remark 5.2(d) and Proposition 5.3 we know that
[f]* =1 and [f]' =1 for all f € Z"(G, A) and all n € N. Therefore also

=1 = 1A= (A1) = 1. 0
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6 Group Extensions and Parameter Systems

In this section we will try to find a way to describe for given groups K and GG
all possible groups H which have a normal subgroup N which is isomorphic
to K and whose factor group H/N is isomorphic to G. We fix K and G
throughout this section. We do not require GG or K to be finite.

6.1 Definition A group extension of G by K is a short exact sequence

1 K—& sH- Y@ 1,

i.e., H is a group, and at each of the three groups K, H, G, the image of the
incoming map is equal to the kernel of the outgoing map. Equivalently, ¢ is
injective, im(e) = ker(v), and v is surjective. We say that the above group
extensions is equivalent to the group extension

l— K- SH- Y 3G——1

if and only if there exists an isomorphism ¢: H — H such that the diagram

H

(6.1.a)
commutes. Obviously, this defines an equivalence relation on the set ext(G, K)
of extensions of G by K. The set of equivalence classes of ext(G, K) is de-
noted by Ext(G, K).

6.2 Remark (a) If 1 K-—~5H-“G 1 is a group extension of G' by
K, then H has the normal subgroup e(K) with factor group H/e(K) =
H/ker(v) =2 G. Conversely, whenever H is a group having a normal sub-
group N such that N = K and H/N = G, then there is a group extension
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1 K-—=*25H-Y“5G 1, where ¢ is the composition of the isomorphism
K = N and the inclusion N < H, and v is the composition of the natu-
ral epimorphism H — H/N and the isomorphism H/N = G. Moreover, if
1 K—<5H-“5G 1and 1 K-S5H-73G 1 are equivalent ex-
tensions then H and H are isomorphic by definition. Warning: the converse
is not true. There are examples of group extensions of K by GG which are not
equivalent but involve isomorphic groups H and H.
(b) Two group extensions

1 K—¢ sH Y 5@ 1 and 1 K—& sH- VY 5@ 1

are already equivalent if there exists a homomorphism ~v: H — H which
makes Diagram (6.1.a) commutative. In fact, it is easy to see that in this
case it follows that 7 is an isomorphism.

6.3 Proposition Let 1 K—~5H - Y5G 1 be a group extension of G
by K. For each x € G, let h, € H be such that v(h,) = x. Then the
following hold:

(a) For every h € H there exist unique elements z € G and a € K such
that h = h,e(a).

(b) For every x € G and a € K there exists a unique element a,(a) € K
such that e(a,(a)) = hye(a)h,'. Moreover, a, € Aut(K).

(c) For every x,y € G there exists a unique element k(x,y) € K such
that hyh, = e(k(z,y))hyy. In particular, hy = e(k(1,1)). Moreover, o, o
Oy = Cp(ay)Vay, Where ¢, € Aut(K) denotes the conjugation automorphism
ks aka™! fora € K.

(d) For every z,y,z € G on has k(z,y)k(zy, z) = a,(k(y, 2))k(x, yz).

(e) Let also h!, € H be such that v(h) = x for all z € G. Then there
exists a unique function g: G — K such that hl, = h, -e(g(x)) for all x € G.
If o1 G — Aut(K) and v': G x G — K are constructed from hl,, x € G,
then

o, =cpm o, and K(z,y) = f(z) - au(f(y)) - wlz,y) - flay)™

for all x,y € G, where f: G — K is defined by f(z) := a,(g(z)) for all
reQq.

Proof (a) Let h € H and set x := v(h). Then v(h;*h) = v(h,) 'v(h) =
z7 'z = 1 and there exists a € K such that (a) = h;'h. Assume that also
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h = hye(b) for y € Gand b € K. Then x = v(h) =v(h,)v(e(b) =y- 1=y
and therefore e(a) = £(b). Since € is injective, also a = b.

(b) For € G and a € K, we have h,e(a)h,! € ker(v) = im(e). There-
fore, there exists b € K with e(b) = h,e(a)h,'. Since ¢ is injective, b € K is
unique. We set o, (a) :=b.

Let a,b € K and x € G. Then a,(a)a,(b) € K and

e(az(a)as (b)) = (as(a))e(as (b)) = hae(a)hy hae(b)hy
= hye(ab)h,t = e(ay(ab)) .

Since ¢ is injective, we have o, (a)a,(b) = a,(ab) and «, is a group homo-
morphism from K to K. If a,(a) = 1, then 1 = e(a,(a)) = hye(a)h, ! and
therefore, e(a) = 1. Since € is injective, also a = 1. This shows that «, is
injective. Finally, let b € K be arbitrary. Then h;'e(b)h, € ker(v) = im(e)
and there exists a € K such that h,'e(b)h, = €(a). This implies b = a,(a)
and « is surjective.

(c) Let #,y € G. Then v(hhyh,,)) = zy(zy)~" = 1 and there exists a
unique element a € K such that e(a) = hyhyh,, . We set r(z,y) := a. For
x,y € G and a € K we then have

e(az(ay(a))) = hoe(ay(a)hy' = hahye(a)hy hy
= hohyhy, heye(a)hy, hayhy, 'y
= e(k(@, ) haye(a)hgy e (r(z, )"
= e(r(z,y))e(auy(a))e(k(z, y)) ™
= e(k(@, y)agy(a)r(@,y) ),
and the injectivity of ¢ implies (o © ay)(a) = (Cu(z,y) © ay)(a).
(d) Let z,y, 2z € G. Then
e (k(,y) 6wy, 2) ) hays = (52, 9))e(R(2Y, 2)hiay: = (K (2, y)) hayhe
= (hyhy)h,

and

(a5(y, ), y2) ) haye = e(aily, 2)))e(6(w,y2) bty
= has((y, 2))hy hahye = hos(s(y, 2))hy
= hy(hyhs) .
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Now the injectivity of € implies the desired equation.

(e) Let = € G. Since v(h;'hl) = 7'z = 1, there exists a unique element,
g(z) € K such that e(g(z)) = h;'h!,. Moreover, for each a € K and z € G
we have

e(ay(a)) = Wye(a)hl, " = hoe(g(x)ag(x) )h, ",
which implies o/ (a) = o, (g(z)ag(z) ™) and o), = ca, (g(2) © W = Cf(z) © Q.
Moreover, for all z,y € G we have

-1
(k' (w,y)) = hg - by - hgy,

= hy - e(g(x)) - by - e(g(y)) - e(g(ay)) " - hyy
= ho - e(g(x)) - By ' hy - hy - By - hay - e(g(y)g(zy)™") - by,

R(2,Y) - 0ay(9(1) - g (g(ay)) 7]

) -y (9(v)) - (a,y) ™ - Kl y) - fay) ]
oy (9(0))) - K(x,y) - flay) ]
cau(F(y) - (e, y) - flay) ™.

Since ¢ is injective, this implies the desired equation. U

I
(@)
=
~— \%/ ~—
Q

6.4 Definition (a) A parameter system of G in K is a pair («, ) of maps
a: G — Aut(K), x — a,, and k: G x G — K with the following properties:

(i) For every z,y € G one has a; 0 oy = Cy(ay) © Qay.
(ii) For every z,y,z € G one has k(z,y)r(xy, 2) = a.(k(y, 2))k(z, y2).

We call « the automorphism system and k the factor system of («, k), and
we denote the set of parameter systems of G in K by par(G, K).

(b) The set F(G, K) of functions from G to K is a group under the
multiplication (fg)(z) := f(z)g(z) for f,g: G — K and x € G. If (o, k) €
par and f: G — K we set f(a, k) := (d/, k') with

= e 0agy, and K'(z,y) = f(2)au(f(y)s(z,y) flry) ™,

for z,y € G. As the next lemma shows, this defines a group action of F(G, K)
on the set par(G, K). We call two parameter systems of G in K equivalent if
they belong to the same F(G, K)-orbit and we denote the set of equivalence
classes by Par(G, K).
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6.5 Remark Every extension of G by K and every choice of elements h,
as in Proposition 6.3 leads to a parameter system (a,x) of G and K. If
h!. is another choice of elements then, by Proposition 6.3(e), one obtains an
equivalent parameter system (o, £’). Thus, Proposition 6.3 defines a function

¢: ext(G, K) — Par(G,K).

6.6 Lemma (a) Let (o, k) € par(G, K). Then oq = ¢ 1y, k(1,1) = K(1, 2),
and k(z,1) = a,(k(1,1)) for all z, z € G.

(b) The definition of («, k) in Definition 6.4(b) defines a group action of
F(G,K) on par(G, K).
Proof (a) By Axiom (i) in Definition 6.4(a), we have o 0 oy = ce1,1) © 0
which implies a; = c.1,1y. For 2z € G, this and Axiom (ii) in Definition 6.4(a)
imply

k(L De(1-1,2) = ag(s(1,2)k(1,1 - 2) = (1, 1)k(1, 2)k(1,1) (1, 2) .

Therefore, x(1,2) = k(1,1). For z € G, Axiom (ii) in Definition 6.4(a)
implies k(x, 1-1)k(z-1,1) = a,(k(1,1))k(z,1-1). Thus, x(z, 1) = a,(k(1,1)).

(b) Let f,g € F(G,K) and « € par(G, K). We set (o, &) := (o, k) and
(" k") :== Y/, K'). For all z,y € G, we then have

O = Cy(z) O Ay = Cy(z) © Cf(z) © Uy = Cy(a)f(x) © Oz = C(fg)(z) © O

and

K (2, y) = g(x)al(9(y))K (2, y)g(zy) "
= g(x)f (@) (gW) f (@) f@)au(f(y)a(z,y) f(zy) glzy) !
= (9f)(@) - ax((gf) W) - 6z, y) - (gf)(xy)~".

This implies that (o”,&”) = “(a, k). If f = 1, then o/, = o, by definition
and K'(x,y) = a,(1)k (:c,y) = k(x,y) for all 2,y € G. Therefore, (a, k) =
(a, k). We still have to show that (o/, k') is again a parameter system. For
x,y,2z € G, we have
0 © ) = Cf(x) O Oz O Cf(y) © Cy = Cf(x) O Uz O Cpy) © O © Oy O
= Cf(x) © Caz(f(y)) © Cr(zy) © Yoy = Cf(x)as(f(y))r(z,y) © C;(lary) © a;y

. /
= Cr/(z,y) © Mgy
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and

v, y)fay) " fzy)owy (f(2))r(zy, 2) f(ayz)
(f(Dr(@,y) " w(@, y)n(y, 2) f(zyz) !
) (k(y, 2))k(w, y2) f(wyz) "

Yz
Yoy (f(2)k(y, 2)f (y2) " )aw(f(y2))s(x, y2) fay2) ™
) 1

This implies that (o/, k') € par(G, K). O

6.7 Proposition Let (a, k) € par(G, K). Then the set K x G together with
the multiplication

(a,z)(b,y) := (a-ay(b) - k(x,y),zy), fora,be K, z,ye€Qq,

is a group with identity element (k(1,1)',1) and inverse element (a, )™ =
(k(1, 1) tk(x™, 2)Lay-1(a)™t, 271). Moreover, the functionse: K — K xG@,
a— (k(1,1)7a,1), and v: K x G — G, (a,z) — x, are group homomor-
phisms such that 1 K—=>H- G 1 is a group extension of G by
K.

Proof First we prove associativity. Let a,b,c € K and z,y,z € G. Then

[(a, ) (b, y)](c, 2) = (aa(D)r(x, y), zy)(c, z)
= (aa, (b)k(z, y)ouy(c)r(zy, 2), xYZ2)

and

(a, 2)[(b,y)(c, 2)] =

- ) )7:'1::(/2)

b)a (v, (c))ag(k(y, 2))k(z,yz), xYZz)
)@, y)r(zy, 2), 7y2)

agy(c)k(zy, 2), TYZ2) .



Next we show that (x(1,1)71,1) is a left identity element. In fact, for b € K
and y € G we have

(r(1, 1), 1)(by) = (5(1,1) "o

= (k(1,1)7" s

(0)s(1,9),1-y)
L 1)bs(1,1)" k(1 y), y) = (b,y) .

Moreover, for b € K and y € G we have
(k(1, 1) h(y™ ,y)*l%—l(b)*l,y’l)(b,y)
= (K(L 1) Ry y) a1 (0) Ty (0)s(y T y), v )
= (r(L,1)71,1).

This shows that H is a group.
For a,b € K we have

e(a)e(b) = (k(1,1)7"a, 1)(k(1,1)7"0, 1)
= (k(1,1)aay(s(1,1) " 0)k(1,1),1- 1)
= (k(1,1)rar(1,1)k(1,1) " br(1,1) " k(1,1),1)
= (k(1,1)7'ab, 1) = £(ab),

which shows that € is a homomorphism. Obviously, ¢ is injective. For all
a,b € K and z,y € G, we have

v((a,r)(b,y)) = v(aa,(b)k(z,y), vy) = vy = v(a,z)v(by),

which shows that v is a homomorphism. Obviously, v is surjective. Finally,
for a € K and x € G we have

(a,z) € ker(v) <= =1 < (a,x) € ¢(K),

and the proof is complete. U

6.8 Theorem (Schreier) The constructions in Proposition 6.3 and Propo-
sition 6.7 induce mutually inverse bijections between Ext(G, K) and Par(G, K).

Proof First assume that

1 K—¢ sH Y 5@ 1 and 1 K—& sH-v @ 1

are equivalent group extensions of G by K. Then there exists an isomorphism
~v: H — H such that the diagram
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is commutative. For each x € G let h, € H such that v(h,) = = and assume
that a: G — Aut(K) and k: GxG — K is constructed as in Proposition 6.3,
ie.,
e(ag(a)) = hee(a)h,t and  hyh, = e(k(z,y))hay

forallz,y € G and a € K. Weset h, := ~(h,) for each z € G. Then, o(hy) =
v(y(hy)) = v(h,) = x for each x and we can use the elements h, in order
to construct a parameter system (&, k) associated to the group extension
1 K-—<5H-"5@G 1. But applying v to the two above equations we
obtain

E(az(a )):B () ~1 and ﬁﬁzé(( ))B‘l.
This implies that & = o and & = k. Therefore, the construction in Proposi-
tion 6.3 induces a map

¢: Ext(G, K) — Par(G, K).

Next let (a,r) € par(G,K), f € F(G,K), and set (&,k) = o, k).
Moreover, let 1 K—=5H-“5@G 1 and 1 K-—=5H-"5@G 1 be
the group extensions associated to (a, k) and (&, k) by the construction in
Proposition 6.7. We want to show that they are equivalent. We define
~v: H— H by

v(a, ) = (eaam(e)_lf(x)_l, x) with e :=x(1, 1) f(1) " k(1,1).
For all a,b € K and =,y € G we have

v(a,2)p(b,y) = (eaau(e)™ f(x )’1 x) - (ebay(e) ™ f(y) ™' y)

= (eacz(e) ' f(x) " an(eboy ()" fy) "R (x, y), )

- (ea%(6)_1f(fv)_1f($)%(€bay() ) )T

- f(@)aw(f (), y) f(zy) ™ wy)
= (eacy (D)az(ory (€)' kil y) f(xy) ", 2y)
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and

v((a, ) (b, y)) = plaa(b)r(z,y), xy)
= (cac, (b)r(x, y)a,(e) ™' fzy) ™, zy)
= (eac, (b)R(x, y)aw, () k(x, y) k(z, y) f(zy) ", 2y)
= (eacz (D)o (o (e)) kil y) f (xy)~H 2y) -

This implies that 7 is a homomorphism. Moreover, for a € K and = € G, we
have

(e(a)) = ((1,1) " a, 1) = (es(1,1) "aas(e) " (1)1, 1)
1
)

and

Together with Remark 6.2(b), this implies that the two group extensions
1 K—<5H-“5@G land1 K-—<5H-"5@G 1 are equivalent. There-
fore, the construction in Proposition 6.7 induces a map

U: Par(G, K)——Ext(G, K) .

Finally, we show that & and ¥ are mutually inverse bijections. Let
1 K-—*25H Y>G 1 be a group extension and, for each z € G, let
h, € H be such that v(h,) = x. Moreover, let («, k) be the parameter system
defined in Proposition 6.3 from h,, x € G, and let 1 K-S5H- 723G 1
be the group extension constructed from («, k) according to Proposition 6.7.
We show that the two group extensions

1 K-t sH-V sG 1 and 1 K-t SsH-V 5@ 1

are equivalent. In fact, let v: H — H be defined by
v(a,r) = e(k(1,1)ar(z, 1) ")h,,
for all a,b € K and x,y € GG. Then
V((a, 2)(b,y)) = y(aax(b)k(x, y), vy)
(k(1, Daog (b)r(z, y)r(xy, 1) ) hay
— e(fe(m)aaz (D) (k(y, 1)~ (2, 9) ) hay
(k(1,1)

=&k

o, (K
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(1, 1)ar(x, 1>_1>h16<l’i(1, 1)bk(y, 1)_1)hy

k(1 Dar(r, 1) )e (o (5(1, 1)br(y, 1)) ) hahy
(1, Dar(z, 1) ag(5(1, 1)) aa(b)ae(k(y, 1) ) hahy
(1, Daca(b)ag((y, 1)~ ) hahy

This shows that v is a homomorphism. Moreover, for ¢« € K and z € G we
have

v(€(a)) = v(k(1,1) a, 1) = e(r(1, Dr(1, 1) tar(1, 1)y

(a)e(r(1,1)" ha = £(a),

by Proposition 6.3(c), and

v(3(a,2)) = w(e((1, Dar(z, 1) Yhe) = v(h,) = 2 = #(a,2).
Therefore, the two group extensions

1 K-t sH-V sq 1 and 1 K-t sH-V s 1

are equivalent, and ¥ o ® = id.
Now let (a,x) € par(G,K) and let 1 K—=sH-"d 1 be the
group extension constructed in Proposition 6.7. We set

he == (k(1,1)*k(z,1),2) € H,

for x € G and observe that v(h,) = z. Let x € G and a € K, then

and
e(az(a))he = (k(1, 1) ag(a), 1) - (k(1, 1) k(x, 1), z)
= (k(L, 1) ag(a)on (k(1, 1) k(x, 1)k(1, 2), z)
= (k(1,1) rag(a)r(x, 1)k(1,1)  k(1,2), z)
— (w1, 1) g (@)n(z. 1), 2).



Moreover, for all x,y € G we have

hohy = (k(1,1) ' k(2, 1), @) - (5(1,1) ' 6(y, 1), )

= (k(1, 1) h(z, Vg (k(1, 1) sy, 1)) k(2 ), zy)

= (k(1,1) e (k(y, 1))k(z, y), Ty)

= (k(1,1)'K(z, y)K(zy, 1), 7y)

and
e(k(,y))hay = (K(1, 1) k(2 y),1) - (k(1,1) 'K(zy, 1), 2y)

= (k(L, 1) " k(z,y)ar (k(1, 1) k(zy, 1))k(1, zy), zy)
= (k(L, 1) k(z, y)r(xy, 1)K(1, 1) K(1, zy), 2y)
= (k(1, 1) 'k(z,y)k(zy, 1), 2y)

This shows that the parameter system constructed from the group extension
1 K—=sH-Y“5G 1 equals (v, k). Therefore ®o ¥ = id, and the proof
is complete. U

6.9 Proposition Let 1 K—*>H “>G 1 be a group extension of G
by K. Then the following are equivalent:

(i) There exists a homomorphism o: G — H such that v oo = idg.

(i) e(K) has a complement in H.

Proof (i) = (ii): Let 0: G — H be a homomorphism satisfying voo = idg.
We show that o(G) is a complement of e(K) = ker(v) in H. Let h € ker(v)N
0(G). Then h = o(x) for some x € G and we obtain x = vo(z) =v(h) =1
and h = o(z) = 1. Now let h € H be arbitrary. Then h = ho(v(h)) o (v(h))
with ho(v(h))™' € ker(v) and o(v(h)) € o(G).

(ii) = (i): Let C be a complement of ¢(K) = ker(v) in H. Then the
map 6: C — H/e(K), ¢ — ce(K) is an isomorphism. By the homomorphism
theorem, also the map v: H/e(K) — G, he(K) — v(h), is an isomorphism.
Now the map

UiGQH/E(K) N NN

satisfies v(o(z)) = (vorodtor™1)(x) = z. In fact, we can write z = (d(c)
for a unique ¢ € C. Then it suffices to show that v(c(c) = ©v(d(c)). But

v(0(c)) = v(cker(v)) = v(c) = v(ic)). 0

~—
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6.10 Remark (a) If the conditions in Proposition 6.9 is satisfied, then we
say that the group extension 1 K—=5H-“5G 1 splits and that o is
a splitting map.

(b) If 1 K—=>H- "G 1 splits and 0: G — H satisfies voo = idg,
then we may use the elements h, := o(z), z € G, in order to construct a
corresponding parameter system. Since hgyh, = hg, for all z,y € G, one has
k(z,y) =1 for all z,y € G. Moreover, this implies that a: G — Aut(K) is
a homomorphism.

Conversely, if a: G — Aut(K) is a homomorphism and k(z,y) = 1 for all
x,y € G, then (a, k) is a parameter system of G in K and the corresponding
group extension splits and is represented by the semidirect product of G with
K under the action defined by a.

6.11 Definition Even if K is not abelian, one can still define the so-called
non-commutative cohomology H°(G, K) and H*(G, K) of G with values in
K as follows:

(a) H(G, K) := K¢, the set of G-fixed points of K. This is a subgroup
of K.

(b) Z1(G, K) is defined as the set of all functions pu: G — K satisfying

plzy) = wy)p(z) .

It’s elements are called I-cocycles or crossed homomorphisms from G to K.
Two functions \,u € ZY(G, K) are called equivalent if there exists a € K
such that

A= "a- () at

for all z € G. This defines an equivalence relation (see Homework problem).
The equivalence class of u € Z'(G, K) is denoted by [u]. The set of equiva-
lence classes of Z!(G, K) is denoted by H'(G, K). It is not a group, but it
has the structure of a pointed set, a set with a distinguished element, namely
the class [1] of the constant function 1: G — K.

6.12 Remark (a) There are no non-commutative versions of H"(G, K) for
n = 2.

(b) If K = A is abelian then the definitions in 6.11 coincide with the
usual cohomology groups.

(c) If G acts on K and p € Z'(G, K) then the equation u(zy) = “u(y)u(x)
implies that p(1) = 1 by setting x = y = 1. Moreover, by setting y = z~!

we obtain “u(z7!) = pu(z)™t and 27 tp(x) = p(z~t) "tz L.
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6.13 Theorem Let a: G — Aut(K) be a group homomorphism and let
H := K x G be the corresponding semidirect product. To simplify notation
we assume that K < H and G < H with KNG =1 and KG = H. Let
C denote the set of all complements of K in H, i.e., subgroups C' < H,
satisfying K NC' =1 and KC = H.

(a) H acts by conjugation on € and the H-orbits of C are equal to the
K-orbits of €. The K-conjugacy classes of C will be denoted by C.

(b) For each C € C there exists a unique function uc: G — K such that

puc(z) € xC forallx € G.
Moreover, uc € Z'(G, K). Conversely, for every p € Z'(G, K), the set
G 1= {ule) 1w | 2 € G)

is a subgroup and a complement of K in H. These two constructions define

mutual inverse bijections
C— ZYG,K).

Moreover, these bijections induce mutually inverse bijections
C« H'(G,K).

Proof Both statements of (a) are easy to verify.
(b) Let C' € C. For every x € G there exist unique elements p(z) € K
and ¢ € C such that

x = pu(x)c.
This implies the first statement. Next we show that the function py: G — K
is a 1-cocycle. Let z,y € G and let ¢,d € C with x = p(z)c and y = p(y)d.
Then
zy = zp(y)d = “u(y)zd = “u(y)u(x)cd

with “u(y)u(z) € K and cd € C.

Next let 4 € ZY(G, K) and let C,, be defined as in the theorem. First we
show that C}, is a subgroup: For z,y € G we have

1z

(@) wp(y) "ty = ple) ™ uly) ey = plry) "y

which shows that the product of two elements in C), is again in C),. Moreover,
if for x € G we have

v () = pa=) e
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by Remark 6.12(c). If z is an element in G such that u(z) 'z € K, then also
z is in K and therefore, x = 1 and p(x)'a = 1. Therefore, K N C, = 1.
Finally, every element in H can be written as ax with a € K and x € G and
ax = ap(z)u(z) 'z € KC,. This completes the proof that C, € C.

It is easy to see that the two constructions are inverse to each other so
that we obtain a bijection € « Z'(G, K).

Next assume that C, D € € and that D = C with a € K. Let x € G
and let ¢ € C' such that x = pc(z)c. Then,

C -1 a

r=pc(x)e=plx) - a-a - %
with po(x) - @-a™' € K and % € D. Therefore,

o = i(e) - a-a™ = po(x) - O a0 = - p(a) o
Therefore, [uc] = [up] € H'(G, K). Conversely, let A\, u € Z'(G, K) and let
a € K such that A(z) = % - u(z) - a™! for all z € G. Then C) consists of
all elements of the form \(z) 'z = a- u(z)™'- "o ' 2 = au(z)tra~! with
x € G. But this is just aC,a™". This completes the proof of the Theorem. [
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7 Group Extensions with Abelian Kernel

Throughout this section let A be an abelian group and let G be an arbitrary
group.

7.1 Remark Let 1 A—-5H -G 1 be a group extension, let h, €
H with v(h,) =z for all x € G, and let («, k) € par(G, A) be the parameter
system as defined in Proposition 6.3. Then

e(az(a)) = hoe(a)hy",  hahy = ez, y))hay

Uy O Oy = Cr(x,y) O Qpgy and Oém(:‘i(y7 Z))/i(l’, yZ) - H(%y, Z)KJ(.%, y) ’

for all @ € A and z,y,2 € G. Since A is abelian, c.(,,) = idg and the map
a: G — Aut(A) is a homomorphism. Moreover, & is a 2-cocycle of G with
coefficients in A under the action defined by a. If (¢/,k') € par(G, A) is
equivalent to (o, ), then there exists a function f: G — A such that

ozfr = Cay(f(z)) © Mz and Iil(l‘, y) = f(:v)ozx(f(y))lﬁ(x, ?/)f(l‘y)_l )

for all z,y € G. Again, since A is abelian, this implies o/ = . Moreover, we
can see that x and ' belong to the same cohomology class. Altogether we
see that two parameter systems (o, k) and (/, k') are equivalent, if and only
if « =o' and [k] = [¢'] € H2(G, A).

Therefore we can partition Ext(G, A) and Par(G, A) into disjoint unions
indexed by o € Hom(G, Aut(A)), i.e., by the possible actions of G on A:

Par(G, A) = U H*(G, A)

and .
Ext(G, A) = | JExto (G, A),

where Ext, (G, A) denotes those extensions which induce the automorphism
system «. For given action a: G — Aut(A), we have the bijections from
Schreier’s Theorem 6.8:

Ext, (G, A) « H(G, A).

Recall that H2(G, A) is an abelian group. Its identity element [1] corresponds
to the semidirect product extension of G by A under the action o. The mul-
tiplication in the group H2(G, A) corresponds to the so-called Baer product
which can be defined purely in terms of extensions.
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Finally, if the above extension splits then the A-conjugacy classes (recall
that they are the same as the H-conjugacy classes) of complements of A in
H are parametrized by H'(G, A), by Theorem 6.13

7.2 Corollary Assume that ged(|G|, |A]) = 1.

(a) Every extensions of G by A splits. In particular, for every action
a € Hom(G, Aut(A)), there exist precisely one extension of G by A (up to
equivalence) with automorphism system «, namely the semidirect product
Ax,G.

(b) Let a € Hom(G, Aut(A)) and let H := A x, G be the corresponding
semidirect product. Then any two complements of A in H are conjugate
under A.

Proof (a) We have Ext, (G, A) & H?(G, A) by the above remark. But the
latter group is trivial by Corollary 5.4. Thus, the only extension of G' by
A, up to equivalence, that has automorphism system «, is the semidirect
product.

(b) This follows immediately from Theorem 6.13. g
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8 Group Extensions with Non-Abelian Ker-
nel

Throughout this section let K and G be arbitrary groups.

8.1 Remark An automorphism f € Aut(K) is called an inner automor-
phism, if f = ¢, for some a € K. The set Inn(K) of inner automorphisms
is the image of the homomorphism ¢: K — Aut(K), a — ¢,. Therefore,
Inn(K) is a subgroup of Aut(K). It is even a normal subgroup, since
focao f™h =cyq forall f € Aut(K) and all @ € K. We call the quo-
tient Out(K) := Aut(K)/Inn(K) the group of outer automorphisms of K.

For each (o, k) € par(G, K) one has o, 00y = Cp(yy) 00y forall z,y € G.
This shows that the function w: G — Out(K), = — a,Inn(K), is a group
homomorphism. We call w the pairing induced by the automorphism system
a. If (o/,r') is an equivalent parameter system, then o, = cfq) o ay for
some function f: G — K, which shows that the pairing «’ induced by o’ is
equal to w. Therefore, each element in Par(G, K) defines a pairing w: G —
Out(K'). By Schreier’s Theorem also every element in Ext(G, K) defines a
pairing. If K is abelian, then Inn(K) = 1 and Out(K) = Aut(K)/Inn(K) =
Aut(K), and we do not have to distinguish between automorphism systems
and pairings.

For each w € Hom(G, Out(K)) we denote by ext, (G, K) (resp. par,, (G, K))
the set of extensions of G by K (resp. parameter systems of G in K') which
induce the pairing w, and by Ext, (G, K) (resp. Par, (G, K)) the set of equiv-
alence classes of extensions of G by K (resp. parameter systems of G in K)
which induce the pairing w. Then we have

Ext(G,K) = U Ext, (G, K)

w€eHom(G,0ut(K))

and

Par(G, K) = U Par, (G, K),
weHom(G,0Out(K))
and Schreier’s Theorem gives an isomorphism between Ext,, (G, K) and Par, (G, K)
for each w € Hom(G, Out(K)). It may happen that Ext, (G, K) is empty. In
the sequel we will find out, exactly when this happens, and we will also give
a description of Ext, (G, K) in the case, where it is non-empty. Both results
will use group cohomology of G with coefficients in Z(K).
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For each automorphism f € Aut(K), the restriction f|zk) defines an
automorphism of Z(K), since Z(K) is characteristic in K. This defines a
group homomorphism res%, 20) - Aut(K) — Aut(Z(K)) whose kernel contains
Inn(K). By the fundamental theorem of homomorsphisms, we obtain a ho-
momorphism Out(K) — Aut(Z(K)), fInn(K) — f|zx), which we denote
again by reS[Z(( K)-

If w € Hom(G, Out(K)), then its composition with resj . gives a homo-
morphism ¢ := resf ) ow: G — Aut(Z(K)). The next theorem will show
that, if Par,(G, K) is non-empty then it is in bijection with HZ(G, Z(K)).

In the sequel we will write [«, | for the equivalence class of any element
(o, k) € par(G, K).

8.2 Theorem Let w € Hom(G, Out(K)) with Par, (G, K) # 0 and let  :=
res]Z((K) ow € Hom(G, Aut(Z(K))). Then the function

Z:(G, Z(K)) x par, (G, K) — par, (G, K) . (7,(a,K)) = (a,75)

with

(v&)(z,y) = y(z,y)k(2, y)
for x,y € GG, defines an action of the group Z2( 2 (
Moreover, this action induces an action of H 2( Z(

is transitive and free. In particular, for any e]emen
map

K)) on the set par (G, K).
K)) on Par, (G, K') which
t (o, k) € par, (G, K), the

HX(G, Z(K)) — Par(G, K), [ — Mo, k] = [a,vx],
is a bijection.

Proof We first show that for v € ZZ(G, Z(K)) and (a, x) € par, (G, K) also
(v, k) € par, (G, K). In fact, for all z,y, z € G we have

(ve) (@, y) - (ve)(zy, 2) = v(2, y)K(z, y)v(2y, 2)K(2Y, 2)
v(@, y)v(zy, 2)k(x, y)r(zy, 2)
Ce(v(y, 2@, y2)au(k(y, 2)) k(T y2)
o (V(y, 2)k(y, )y (T, yz)K (2, y=z)
oz ((v6)(y, 2)) (vr) (2, y2)

37



since a(z) = ((z) for each z € Z(K), and

Clyr)(z,y) © Cay = Cy(z,y)r(z,y) © Aoy
= Cy(z,y) © Cr(ay) © Ay
= Cr(zy) © Qay = Qz © Ay,

since y(z,y) € Z(K). Moreover, for all (a,k) € par (G, K) and v,§ €
Z}(G, Z(K)) we have

(1) = T 7) = (@ 6vw) = “(e )

and (o, k) = (o, k) so that we have established an action of Z}G, Z(K))
on par (G, K).

Next, let (, k), (o, &) € par, (G, K) be equivalent and let 7 € ZZ(G, Z(K)).
Then there exists a function f: G — K such that

af, = cpy oy and  K'(x,y) = f(x)ae(f(y)k(z, y)f(ey) ™",

for all x,y € G. Multiplication of the last equation with v(x,y) yields

V() (x,y) = f@)oe(fW)y (@, y)s(z,y) flay) ",

which shows that also (a, k) = (o, v&) and (o, k') = (o/,yK') are equiva-
lent. Therefore, we obtain an action of ZZ(G, Z(K)) on Par,(G, K).

Now let (o, k) € par,(G,K) and let v € BE(G,Z(K)). We will show
that "(«, k) is equivalent to («, k). In fact, there exists a function f: G —

Z(K) such that v(z,y) = G(f(y)f(zy)" f(2) = au(f(y)) f(zy)~" f(z) for
all x,y € G. With this function we have

O = Cf(a) © g

and

(v6)(2,y) = (@, y)k(x,y) = f(@)as(f(y))s(,y) f(zy) ",
for all ,y € G and the claim is proven. Therefore, we have an action of
H{(G, Z(K)) on Par,(G, K).

Now we show that this action is free. Let 71,7 € ZZ(G, Z(K)) and
(a, k) € pary (G, K) such that "(a,x) and "(a, k) are equivalent. Set
v =1 'v2. Then "(a, k) = (o, k) is equivalent to (a, ). Therefore, there
exists a function f: G — K such that o, = ¢z 0 a, and y(z,y)k(z,y) =
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f(@)ou(f(y)k(z,y) f(xy)~* for all 2,y € G. This implies that ¢y = idg
for all x € K so that f(x) € Z(K) for all x € K. Using this we also
obtain 1(z,9) = f(x)aclf(u)f(zy) = F@)C(f(y)f(ry)". Therefore,
7€ BA(G, Z(K)) and [y] = 1] € HA(G, Z(K)).

Finally, we show that the action of HZ(G, Z(K)) on Par, (G, K) is tran-
sitive. Let (a, k), (8, A) € par, (G, K). We will show that there exists v €
Z}(G, Z(K)) such that (a, k) and (3, \) are equivalent. For each x € G we
have a,Inn(K) = w(z) = B,Inn(K). Thus, there exists an element f(z) € K
such that ¢y o ap = Bz We set #'(2,y) = f(x)a.(f(y)s(z,y) f(xy)™!
for all z,y € G. Then (8,r') € par (G, K) and («a, k) is equivalent to
(B,r"). Since also (8,\) € par, (G, K), we obtain ¢ (z) © By = B0 By =
Ca(z,y) © Bay and Cu(zy) = Ca(ay) for all x,y € K. This implies that y(z,y) :=
K (x,y)\(z,y)"' € Z(K) for all x,y € G. We show that v € Zg(G, Z(K)).
In fact, for z,y, 2z € G we have

v(@, y)y(xy, 2) = w'(x,

)k (96 yz)A (x yz)~ ﬁx( (y.2))""
)v(x,y2) B (A(y, 2))

Ay, 2) vz, yz)

(

This implies that (3, ') = (8, \) and that («, k) is equivalent to (8, ') =
(B, ). This completes the proof of the Theorem. 0

8.3 Theorem Assume that Z(K) = 1. Then |Par,(G, K)| = 1 for every
w: G — Out(K).

Proof For each x € G we choose o, € Aut(K) such that w(x) = a,Inn(K).
For all z,y € G we have o, Inn(K) = w(z)w(y) = w(zry) = aygInn(K).
Therefore, there exist elements x(x,y) € K, such that ag o oy = Ceay) 0 Oy
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for all z,y € G. For all x,y, z € G we obtain

Cr(z,y)k(zy,2) © Azyz = Cr(zy) © Cr(zy,z) © Nayz

= Ck(z,y) © Qzy © O

=, 0y 0,

= Qg O Ck(y,z) © Qyz

= 040y 0 07 0 0 0
= Cag(k(y,2)) © Cr(zyz) © Va(yz)

= Cau(r(y,2))r(zyz) © Yayz

and therefore, Cu(zy)r(zy,z) = Cowln(y,2))r(zyz)- Since Z(K) = 1, this implies
k(z,y)k(zy, 2) = ag(k(y, 2))k(x,yz) for all z,y,z € G. Therefore, (o, k) €
par,(G, K), and Par,(G, K) is not empty. On the other hand, by Theo-
rem 8.2, Par, (G, K) is in bijection to HZ(G, Z(K)), where ( := resj ) o w.
Again since Z(K) = 1, we have F(G*, Z(K)) = 1 and also H¢(G, Z(K)) = 1.
O

8.4 Theorem Letw: G — Out(K) be a group homomorphism and let { :=
resIZ((K) ow € Hom(G,Aut(Z(K))). Moreover, for each v € G, let o, €
Aut(K) be an automorphism with w(z) = a,Inn(K). Then the following
assertions hold:

(a) For all x,y € G there exists an element x(x,y) € K such that a,oa, =
Cx(z,y) © Xy

(b) Let x(x,y) € K be chosen as in (a). Then, for all x,y,z € G the

element 9(z,y, z) = a,(x(y, 2))x(x, y2)x(xy, 2) "'x(z,y) " liesin Z(K), and
the function ©: G* — Z(K) is an element of Z¢(G, Z(K)).

(¢) The cohomology class [J] € H}(G, Z(K)) of the element ¥ € Z}(G, Z(K))
defined in (b) does not depend on the choices of o, € Aut(K) and x(x,y) € K
forz,y € G.

Proof (a) For all z,y € G we have
azoyInn(K) = w(z)w(y) = w(zy) = agyInn(K),

which implies that a,oyay,) € Inn(K).
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(b) For all x,y, z € G we have

Co(z,y,2)
=c oc oc ! oc }
= Cax(x(y,2)) © Ox(zw2) © Ox(zy,2) © Cx(z,y)
_ -1 -1 . | |
= (ly O Cy(y,2) © Qy O Qg O Qlyz O Q. O Qlgyz O (L O (L O Qg © Q- O (1
_ -1 -1 -1 -1
=z Oy O 0, Oy, 0, O, Oy,

:idK7

which implies that ¥(x,y, 2) € Z(K).
Next we show that ¢ € Z}(G, Z(K)). Let z,y,z,w € G. Then

Gy, z,w))0(x, yz, w)d(z,y, 2)

= az(ay(x(2, W)z (x(y, 20)) o (x (Y2, w) " aw(x(y, 2) (2, yz, w)-
(

= (0 (x (2, w)))az (X (y, 2w)) (X (yz, ) "I (x, yz, w)a.(x(y, 2)) -

71'

= ag(ay(x (2, w)))az(x(y, z2w)) e (X (yz, w))
(

- (X yz,w))x(m,yzw)x(:ﬁyz,w)‘lx(ﬂf,yZ)‘lax(x(y,Z))
x(, y)‘l
) (x(y, Zw)) (z, yzw)x(fﬂy w) " x(zy, 2) " x (2, y)
) (x(y, zw))x (2, yzw) x (zy, zw) " (w,y)‘l-
x(, y)x @y, zw)x(zyz,w) x(zy, 2) " x(z, ¥)”

(x,y, 2w)x(z, y)x(xy, z2w)x (zyz, w) " x(zy, 2) " x(2,)
X (2, y) iy (X (2, ) x (Y, z0) x (2y 2, w)

X(zy, 2) " x (2, y) (2, y, 2w)

x(, y)0(zy, z,w)x(z,y) 'Oz, y, zw)
V(xy, z, w)d(x,y, zw) .

-1

-1

1

-1

|
o
&
o
=
R
&
b=

(c) If, for each z € G, also o/, € Aut(K) is chosen such that o/ Inn(K) =
w(x), and if, for each z,y € G, an element x/'(x,y) € K is chosen such that

Q0 QA = Cyi(ay) © O, then there exists a function f: G — K such that
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o, = Cf(z) © 0p. This implies

/ r
Qi O Qy = Cf(z) © Oz O Cp(y) © Qy

Cfx oamocf()oagloamoay

-1
C@aalFE)x@y) © Clzy) © Oy

(z)
(z)
= Cf(z) © Caz(f(y) © Cx(zyy) © Ay
()
Cf(@)az(f(y)x(zy) flzy)~t © O‘xy’

and we obtain

X (z,y) = f(@)ow(f(y)x(z, y) f(zy) " g(z,y)

for all x,y € G with a function g: G x G — Z(K). For all z,y,z € G, the
corresponding function

1.7

V(x,y,2) = o, (X (y, 2))X (@, y2)X (xy, 2) X (2, )7

then satisfies

V' (z,y, 2)
,2) z) ()"
y )x(fc yZ) (IyZ) tg(x, yz):
“Hfayz)x(wy, 2) " aw, (f(2))

x(, ) f(

)" f(wy) ™
y) e (f(y)  f(z)!

)
Jaa(x(y, 2))-
X (@, y2)x (@Y, 2) " awy (f(2)7)x(, ) Y (f(y) ) fla)
Jy2)g(ay, 2) g, y) !
NI, y, 2)x (2, y)auy(f
x(@,y) aw(fy) ™) ()10 (9)) (x,
))aw(ay(f(2)7H)-
~a(f(y) ™) fx) (2, y, 2)(92(9)) (2, y, 2)

f(z)7h:
Y, 2)

which shows that the cohomology classes [J] and [¢¥'] coincide. O
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8.5 Definition Let w: G — Out(K) be a homomorphism and let { :=
reslg(K) ow € Hom(G, Aut(Z(K))). The element [J] € H} (G, Z(K)) defined
in Theorem 8.4 is called the obstruction of w.

8.6 Theorem Let w: G — Out(K) be a group homomorphism and let { :=
resy ) 0w € Hom(G, Aut(Z(K))). Then, Par,(G, K) # 0 if and only if the
obstruction [J] € H{ (G, Z(K)) of w is trivial.

Proof First assume that Par, (G, K) # () and let (o, k) € par, (G, K). Then
we have

w(z) = a,Inn(K), a, 0y = Cyuy) © 0y and
o (K5(y, 2))k(z, y2)k(zy, 2) 'R(z,y) ™ =1,

for all x,y,z € G. This implies that we may define the obstruction [J] of
w using the elements a, € Aut(K) and k(z,y) € K for z,y € G, and that
W] = 1.

Conversely, if we choose elements «, € Aut(K') such that w(a:) = a,Inn(K)
for all x € G, and elements x(z,y) € K such that a, o a, = ¢y (zy) 0 0y for
all z,y € G, then we obtain the obstruction [J] € H}(G, Z(K)) of w from
the 3-cocycle ¥(z,y,2) = a.(x(y,2))x(z,y2)x(zy, Z)‘lx(x y) € Z(K),
for z,y,2z € G. Since [¥] = 1, there exists an element ¢: G x G — Z(K)
such that ¥ = di(p). We set r(z,y) := @(z,y) 'x(z,y) for 2,y € G and
show that (a, k) € par (G, K). In fact, for all z,y, z in G we have

Gz O Ay = Cr(zyy) © Ay

and
Kz, y)R(zy, 2) = p(z,y)” 1X(ﬂf,y)s0(ﬂfy, 2) 'x(zy, 2)

= o(z,y) olzy, 2) " x (2, y)x(zy, 2)
= o(z,y2) ey, 2)) 7 (O(@) (@, ¥, 2)x (2, y)x (2y, 2)
= o(z,y2) aw(oly, 2))” 119(66’ Y, 2)x (7, y)x(zy, 2)
= oz, y2) ey, 2)) " aw(x(y, 2))x (2, y2)
= az(k(y, 2))k(z,y2)

which completes the proof. U
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9 The Theorem of Schur-Zassenhaus

9.1 Definition Let 7 be a set of primes. We denote by n’ the set of primes
not contained in 7.

(a) Let n € N. If n = pi" - - - p& is the prime factorization of n then the
m-part ny of n is defined as [[,,, ¢, p;*. One has n = n,n,.

(b) A finite group G is called a w-group, if |G|, = |G|. For an arbitrary
finite group G we call a subgroup H < G a w-subgroup, if H is a w-group. A
subgroup H < G is called a Hall w-subgroup of G if |H|, = |G|.. A subgroup
H < G is called a Hall subgroup of G if it is a Hall m-subgroup for some .
This is obviously equivalent to ged(|H|, |G : H]) = 1.

(c) For every element g of a finite group G there exist unique elements
g= and g of G such that (g.) is a m-subgroup, (g,/) is a 7’-subgroup, and
Jr0r = g = g g-. These elements are called the m-part and the n’-part of g.
One has g, g € (g).

(d) For every finite group G there exists a largest normal w-subgroup of
G. It will be denoted by O (G).

9.2 Remark Let GG be a finite group and let 7 be a set of primes. It is easy
to see that O,(G) is characteristic in G. Considering the group Alt(5) and
m = {2,5} or m = {3,5} one sees that in general Hall m-subgroups do not
exist.

9.3 Theorem Let G be a finite group. Then the following are equivalent:

(i) G is solvable.
(ii) For every N <G there exists a prime p such that O,(G/N) > 1.

Proof (i) = (ii): We may assume that N = 1 and G > 1. Since G is solvable,
there exists n € N such that G™ = 1 and G~ > 1. Then G™ ) is abelian.
Let p be a prime divisor of |GV, then the set U := {x € GV | 2P = 1
is a non-trivial characteristic p-subgroup of G~ and therefore normal in
G. This implies O,(G) > U > 1.

(ii) = (i): By (ii) there exist primes pi,...,p, and normal subgroups
N(),Nl,...,NT of G such that 1 =Ny< Ny <---<N, = G and Ni/Ni—l =
0,,(G/N;_4) for each i = 1,...,r. Since N;/N;_; is solvable for i = 1,...,r,
also G is solvable. U
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9.4 Remark Let G be a finite group. If U is a Hall m-subgroup of G for
some m, then H < (G is a complement of U in G if and only if H is a Hall
7’-subgroup of G.

9.5 Theorem (Schur-Zassenhaus) Let G be a finite group and assume
that H < G is a normal Hall m-subgroup of G. Then:

(a) There exists a complement of H in G.

(b) If H or G/ H is solvable, any two complements of H in G are conjugate
in G.

Proof In the case that H is abelian, Parts (a) and (b) are immediate from
Corollary 7.2.

From now on we assume that H is not abelian. We will show (a) and
(b) by induction on |G|. If G = 1, the assertions are trivial. Therefore, we
assume |G| > 1 and we also assume that (a) and (b) hold for every group of
order smaller than |G|. Finally we may assume that |H| > 1. This will be
done in 7 steps.

Claim 1: If U < G, then U N H has a complement in U. Proof: U N H is
normal in U and a m-subgroup of U. Moreover, U/U N H = UH/H implies
U :UNH]|I[G: H|. Therefore, U N H is a normal Hall 7-subgroup of U
and, by induction, has a complement in U.

Claim 2: If 1 < N <G, then HN/N has a complement in G/N. Proof:
HN/N is normal in G/N and HN/N = H/H N N implies that HN/N is a
m-subgroup of G/N. Moreover, [G/N : HN/N| = [G : HN] is a n’-number
and HN/N is a normal Hall m-subgroup of G/N. Now, by induction the
claim follows.

Claim 3: If H has a subgroup 1 < N < H which is normal in G, then (a)
and (b) hold. Proof: (a) By Claim 2, HN/N = H/N has a complement U/N
in G/N, where N < U < G. One has U < @, since otherwise U/N = G/N
implies H/N = N/N and N = H. By Claim 1, UNH has a complement K in
U. We show that K is also a complement of H in G. We have KH = K(UN
H)H =UH =G and KNH =1,since K =U/UNH=UH/H < G/H
implies that K is a 7'-group.

(b) Assume that K and K’ are complements of H in G. Then KN/N
and K'N/N are complements of the normal Hall 7-subgroup H/N or G/N in
G/N. In fact, (KN/N)(H/N) = KHN/N = G/N and KN/N = K/K NN
is a 7'-group. With H or G/H also H/N or (G/N)/(H/N) = G/H are
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solvable. By induction there exists g € GG such that
KN/N = gN(K'N/N)g'N = gK'Ng~'/N = gK'g"'N/N ,

and therefore, KN = gK'¢g ' N. But now K and gK’g~! are complements
of the normal Hall 7m-subgroup N of KN in K'N. Moreover, if H or G/H is
solvable, then N or KN/N = K = G/H are solvable. Again by induction,
the groups K and gK’g~! are conjugate in K N. Therefore, K and K’ are
conjugate in G.

Claim 4: If Oy(H) > 1 for some prime p, then (a) and (b) hold. Proof:
If O,(H) < H, this follows from Claim 3, since O,(H) is characteristic in H
and therefore normal in G. If O,(H) = H, then H is a p-group and we can
consider the characteristic subgroup ®(H) of H which is again normal in G.
since H is not abelian, we have 1 < ®(H) < H. Now Claim 3 applies and
(a) and (b) hold.

Claim 5: If H is solvable, then (a) and (b) hold. Proof: This follows
immediately from Theorem 9.3 and Claim 4.

Claim 6: Part (a) holds. Proof: Let p be a prime divisor of |H| and let P
be a Sylow p-subgroup of H. By Claim 4 we may assume that P is not normal
in G. Then U = Ng(P) < G. By Claim 1 there exists a complement K of
UNH in U. The Frattini-Argument implies that G = HU = HUNH)K =
HK. Moreover, K = U/UNH =2 UH/H = G/H is a m'-group. This implies
that K is a complement of H in G.

Claim 7: Part (b) holds. Proof: By Claim 5 we may assume that G/H
is solvable. By Theorem 9.3, there exists a prime p such that O,(G/H) >
1. Write O,(G/H) = R/H with H < R < G. Let K and K’ be two
complements of H in G. Then we have (K NR)H =KHNR=GNR=R
with HN (K NR) =1. Since p{ |[Hland KNR=E KNR/KNRNH =
(KNR)H/H = R/H is a p-group, 1 # K N R is a Sylow p-subgroup of R.
Similarly, K’ N R is a Sylow p-subgroup of R. Therefore, there exists g € R
such that KN R = g(K'NR)g' = gK'g'NgRg™ = gK'g'NR. Set
V:=Ng(KNR). Smce KNRIK and KNR=gK'g'!NR << gK'g™!, we
have (K, gK’g') < V. We observe that K is a complement of the normal
Hall w-subgroup VN H of V in V since K(VNH)=VNKH=VNG =V,
|K| = |G/H|, and [VNH]| | |H|. Similarly, gK’g~" is a complement of V N H
in V. Note that with G/H also V/VNH = VH/H < G/H is solvable. If
V < @, then K and gK’g™! are conjugate in V' by induction, and K and
K’ are conjugate in G. Therefore, we may assume that V' = G and we set
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M :=KNR<<G. Since K and gK'g~! are complements of H in G, K/M
and gK’g~!'/M are complements of the normal Hall w-subgroup HM /M of
G/M in G/M; in fact, (K/M)(HM/M) = KHM/M = G/M with K/M a
n'-group and HM /M = H/(H N M) a 7-group, and similar for gK'g~" /M.
Moreover, (G/M)/(HM/M) = G/HM = (G/H)/(HM/H) is solvable. By
induction, K/M and gK’g~'/M are conjugate in G/M. But then also K
and gK’g~! are conjugate in G. This implies that K and K’ are conjugate
in G and finishes the proof of the theorem. U

9.6 Remark Feit and Thompson proved the celebrated Odd-Order-Theorem
stating that every finite group of odd order is solvable. Therefore, the solv-
ability condition in Theorem 8.5(b) is always satisfied.
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10 The 7-Sylow Theorems

Throughout this Section let G’ denote a finite group and 7 a set of primes.
10.1 Definition (a) G is called 7-separable, if G has a normal series
l=Go<G1 < <G, =G

such that each factor G;/G;_1,i=1...,r, is a m-group or a 7'-group.
(b) G is called m-solvable, if G has a normal series each of whose factors
is a solvable m-groups or an arbitrary 7’-groups.

10.2 Remark (a) G is m-separable if and only if G is 7'-separable.

(b) If G is m-solvable, then G is m-separable.

(c) With the Odd-Order-Theorem of Feit and Thompson we see that if
G is m-separable, then G is m-solvable or 7'-solvable.

(d) Subgroups and factor groups of w-separable (resp. m-solvable) groups
are again m-separable (resp. m-solvable).

(e) If G is m-solvable and 1 < Hy < H; < G are subgroups such that
H,/H, is a m-group, then H;/H, is solvable.

(f) One has: G is solvable <= G is m-solvable for all 7. In fact, if G
is solvable then, by Theorem 9.3 G has a normal series whose factors are p-
groups. Therefore, GG is w-solvable for every m. Conversely, if GG is m-solvable
for m:= {p | p| |G|}, then the claim follows from part (e).

(g) f N 9 G and H < G is a Hall m-subgroup of G, then HN/N is a Hall
m-subgroup of G/N and HN N is a Hall w-subgroup of N. In fact, HN/N =
H/(NNH and HNN are m-groups and [G/N : HN/N| =[G : HN] | [G : H|
and [N: HNN|=[HN : H] | [G : H] are n’-numbers.

10.3 Theorem (7m-Sylow Theorem, Ph. Hall 1928) (a) IfG is m-separable,
then there exist Hall w-subgroups and Hall ©’-subgroups in G.

(b) If G is m-solvable, any two Hall m-subgroups and any two Hall 7'-
subgroups are conjugate in G.

(c) If G is m-solvable, then any m-subgroup (resp. m’-subgroup) of G is
contained in some Hall w-subgroup (resp. Hall n’-subgroup).

Proof We prove the statements by induction on |G|. If G = 1, all assertions
are clearly true. Now let G > 1. Since G is w-separable, we have O,(G) > 1
or O (G) > 1. Let N:=0,(G)>1or N :=0n(G) > 1.
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(a) By induction there exists a Hall w-subgroup H/N of G/N. Then
[H : N]is a m-number and [G : H] is a 7’-number. If N is a m-group, then
H is a Hall m-subgroup of G. If N is a 7’-group, then by the Theorem of
Schur-Zassenhaus it has a complement K in H. Therefore, K is m-group and
|G : K] =|G|/(|H|/|N|) =[G : H] - |N| is a 7’-number. Therefore, K is a
Hall 7-subgroup of G. Similarly, there exists a Hall 7’-subgroup of G.

(b) Let u = 7 or p = 7" and U and V' be two Hall y-subgroup of G. Then
UN/N and VN/N are Hall p-subgroups of G/N by Remark 10.2(g). By
induction, there exists ¢ € G such that gUNg~! = VN and so gUg !N =
VN. If also N is a p-group, then |V N| = |V||N|/|V N N| is a p-number
and therefore, VN = V. This implies N < V, gUg! < VN =V, and
gUg™' = V. If N is a y/-number, then |gUg™!| = |V| and |N| are coprime.
This implies VNN = gUg ' NN =1 so that V and gUg ! are complements
of the normal Hall p-group N of VN = gUg ' N. Now either VN/N = V or
N is a m-group and by Remark 10.2(e) solvable. By Schur-Zassenhaus, the
complements gUg™! and V are conjugate in VN. Therefore, U and V are
conjugate in G.

(c) Let p =mor p=7"and let U < G be a u-subgroup. Moreover, let
H < G be a Hall p-subgroup of G' (which exists by (a)). Then UN/N =
U/(UNN) is a u-subgroup of G/N and by induction and by (b) there exists
g € G such that UN < gHg 'N, since HN/N is a Hall u-subgroup of
G/N by Remark 10.2(g). If N is a p-group, then gHg !N = gHg ' and
U< UN < gHg'N = gHg™'. If N is a p/-group, then U NN = 1.
Moreover, UN = UN NgHg !N = (UNNgHg ')N and VN N = 1, where
V :=UNnNgHg ' Therefore, U and V are two complements of the normal
Hall z/-subgroup N of UN = V N. Moreover, N or UN/N = U is a w-group
and solvable by Remark 10.2(e). Therefore, by Schur-Zassenhaus, there exists
x € UN such that U = zVa~! = 2(UN NgHg Yz™ < (zg)H(zg)™". 0

10.4 Remark By the Odd-Order-Theorem of Feit-Thompson, it would be
enough to require G to be m-separable in Theorem 10.3(b) and (c).

10.5 Corollary Let GG be solvable and let w be arbitrary. Then G has a
Hall m-subgroup, any two Hall m-subgroups of G are conjugate in G, and any
m-subgroup of G is contained in a Hall w-subgroup.

Proof Clear with Theorem 10.3 and Remark 10.2(f). g
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10.6 Lemma Let U,V < G.

(a) If R C U is a set of representatives for the cosets U/U NV, then
UV = U,erzV and [UV| = |U|-|V|/JUNV].

(b) One has UV < G if and only if UV = VU.

(c¢) One has [G : UNV] < [G : U]|G : V]| with equality if and only if
Uv =aG.

(d) If [G : U] and |G : V] are coprime, then |G : UNV]| =[G :U]-[G : V]
and UV = G.

Proof (a) Obviously, xV C UV for each x € R. Conversely, if u € U, then
there exists x € R and y € UNV such that u = zy. Therefore, uV = xyV =
V. Disjointness: Let z, 2’ € R and let v,v" € V such that zv = 2’v’. Then
'tz =1v'v' € UNV. This implies #’ = 2. The remaining formula follows
from the established equality: |UV| = |R]|-|V| = |U||V|/|UNV].

(b) If UV is a subgroup of G, then vu € UV for all u € U and all
v € V. Therefore, VU C UV. By the formula in (a) one has |UV| = |[VU|
and therefore UV = VU. Conversely, if UV = VU, then with u,v’ € U
and v,v" € V also (uv)(u'v))™" = wov'""w/ "' € UVU = UUV = UV. This
implies that UV is a subgroup of G.

(c) By (a) we have

Gl _ |G-V _ |G- 6] _
oAV~ o vl S o1V

with equality if and only if UV = G.

(d) Since [G: U] | [G:UNV]and [G: V]| [G:UNV], and since [G : U]
and |G : V] are coprime, we obtain [G : U] - [G : V] | [G: UNV]. Now (c)
implies (d). g

G:UNV]= G:U]-[G:V],

10.7 Lemma If G has three solvable subgroups Hy, Hy, H3 of pairwise co-
prime indices, then G is solvable.

Proof We prove the assertion by induction on G. If G = 1, then G is
solvable. Now we assume that G > 1. If H; = 1, then Hy, = G and G is
solvable. If H; > 1, then H; has a normal p-subgroup N > 1, for some prime
p by Theorem 9.3. Since [G : Hs| and [G : Hj] are coprime, one of them
is not divisible by p. By symmetry we may assume that p t [G' : Hs]. Set
D := Hy N H,. Then, by Lemma 10.6, we have HiHy = G and [G : Hy]-[G :
Hy) = |G : D| =[G : Hy| - [Hy : D]. This implies [G : Hy] = [H; : D].
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Now ND < Hy and [ND : D] = [N : N N D] is a p-power which divides
[H; : D] =[G : Hy). This implies ND = D and N < D.

For all ¢ € G we have gNg~—! < Hy; in fact, since G = H\Hy, = H,H,,
there exist hy € H; and hy € Hy such that ¢ = hsh; and we obtain
hohiNhi'hy' = hyNhy' < hoDhy' < H,. This implies that 1 < [ :=
(Uyjec gNg™') < H, and that I is a solvable normal subgroup of G. The
group G/I has the solvable subgroups H;I/I, 1 = 1,2,3, with pairwise co-
prime indices [G/I : H;I/I| = |G : H;I| | [G : H;]. By induction, G/I is
solvable, and with I also G is solvable. U

10.8 Remark A famous theorem of Burnside states that every finite group
of order p®q®, with primes p and ¢ and with a,b € Ny, is solvable. A purely
group theoretical proof of this result is quite lengthy. There is a more elegant
proof using representation theory. We will use Burnside’s Theorem in order
to prove the following Theorem.

10.9 Theorem (Ph. Hall, 1937) Let |G| = p{* -- - pi" be the prime factor
decomposition of |G|. If there exists for each i € {1,...,r} a Hall p,-subgroup
of G, then G is solvable.

Proof We prove the assertion by induction on r. If r = 0, then G = 1 and
solvable. If r = 1, then G is a p-group and solvable. If » = 2, then G is
solvable by Burnside’s Theorem. Now assume that r > 3. For ¢ € {1,...,r}
let H; be a Hall p}-subgroup of G. Fori # jin {1,...,r}, weset V;; := U;NU;.
Then, by Lemma 10.6(d), [G : U] = pi'p;’ and [H; : U;;] = pj'. Therefore,
each H; satisfies the hypothesis of the theorem with r — 1 prime divisors. By
induction, each H; is solvable. By Lemma 10.7, GG is solvable. U

10.10 Corollary The following assertions are equivalent:
(i) G is solvable.
(ii) G has Hall m-subgroups for each .
(iii) G has Hall p’-subgroups for each prime p.

Proof (i) = (ii): This follows from the m-Sylow Theorem.
(ii) = (iii): This is trivial.
(iii) = (i): This follows from Theorem 10.9. g
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10.11 Theorem Let G be solvable, let pi,...,p, be the prime divisors of
G, and let H; be a Hall p-subgroup of G for i = 1,...,r. Then for each
i=1,...,r, the group P; := ;4 Hj is a Sylow p;-subgroup of G such that
P,P; = PP, for alli,5 € {1,...,r}.

Proof The assertion is clear for = 0 and r = 1. If r = 2, by Lemma 10.6(d)
and (b) we have P, P, = G = P, P,. From now on we assume that r > 3. For
every m € {p1,...,pr}, the subgroup N,.c. H; is a Hall 7’-subgroup of G. In
fact, this follows from repeated use of Lemma 10.6(d). In particular, for ¢ # j
of G, and P, := G;; N H; (resp. Pj’ = Gi; N H;) is a Sylow p;-subgroup
(resp. Sylow p;-subgroup) of G;; and of G. As in the case r = 2 we obtain
BiP; = Gij = PP, i

10.12 Definition Let |G| = p{* - - - p& be the prime factor decomposition of
|G| with py < -+ < p,.
(a) A tuple (Py,...,P,) consisting of Sylow p;-subgroups P; of G, i =
1,...,r, is called a Sylow system of G if P,P; = P;P; for all 4,5 € {1,...,7}.
(b) A tuple (K7, ..., K,) consisting of Hall p,-subgroups of G,i =1,...,r,
is called a Sylow complement system of G.

10.13 Proposition Assume the notation from the previous definition and
let 1 C {p1,...,pr}. Let (P,..., P,) be a Sylow system of G. Then [],.c. P;
is a Hall m-subgroup of G.

Proof The equalities P,P; = P;P, fori,j € {1,...,r} imply by repeated use
of Lemma 10.6(b) that [],,c. F; is a subgroup of ;. Moreover, by induction
on || it is easy to see that [], . F; is a Hall 7-subgroup of G. In fact,
if || = 0 or |w| = 1, this is clear, and if |7| > 1 we choose p;, € m and
set T := m \ {pi,}- Then, by induction, [],,cz F; is a Hall 7-subgroup of G
so that ([1,,cz F5) N P, = 1. Now Lemma 10.6(a) implies that [], . P =
(I1,,ex B5) P, is a Hall m-subgroup of G. 0

10.14 Corollary The following assertions are equivalent:
(i) G is solvable.
(ii) G has a Sylow system.
(iii) G has a Sylow complement system.
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Proof By Theorem 10.11, (i) implies (ii). Moreover, by Proposition 10.13,
(ii) implies (iii). Finally, by Corollary 10.10, (iii) implies (i). U

10.15 Remark Let S denote the set of Sylow systems of G, let K denote
the set of Sylow complement systems of G, and assume that p; < --- < p,
are the prime divisors of |G|. Then, the maps

S=K
P
(P Py = (] R T R)
i#1 i
(mKZ,,ﬂKZ)H(K177KT)

i£1 itr

are well-defined inverse bijections. In fact, by Proposition 10.13, ¢ is well-
defined, and by the arguments in the proof of Theorem 10.11, v is well-
defined. If (Py,...,P,) € S, and K; := ;; B, then P; < (4, K; for all
igp = 1,...,7. This implies P; = ;4 Kj, since both groups are Sylow p;-
subgroups of G. On the other hand, if (Ky,..., K,) € K and P; := ;4; Kj,
then []; ., P; < Ky, for all ig = 1,...,r. This implies [];,; P; = Kj, since
both groups are Hall p;-subgroups of G.

Note that S and K are G-sets under the conjugation action of G' and that
¢ and v are isomorphisms of G-sets.

10.16 Theorem (a) Let (Py,...,P,) and (Q1,...,Q,) be Sylow systems of
G. Then there exists g € G such that gPg~' = Q; for alli € {1,...,r}.

(b) Let (K3,...,K,) and (L4,...,L,) be Sylow complement systems of
G. Then there exists g € G such that gK;g~' = L; for alli € {1,...,r}.

Proof Let |G| = p{* -+ - per.

(b) By the m-Sylow theorem, for fixed i € {1,...,r} all Hall pi-subgroups
of G are conjugate in G. In particular, G has |G : Ng(K;)| Hall pi-subgroups
and [G : Ng(K;)] divides [G : K;] = p%. Therefore, the number of Sylow
complement systems of G is k := [[|_,[G : Ng(K;)]. Since [G : Ng(K;)],
i = 1,...,r, are pairwise coprime, repeated application of Lemma 10.6(d)
yields

T

k=]]IG: No(K;)] =[G h Neo(K;)].

i=1 i=1

53



Therefore, the stabilizer of (K7, ..., K,) in G has index k in G, which implies

that the G-orbit of (K7, ..., K,) contains all Sylow complement systems.
(a) This follows immediately from part (b) and Remark 10.15, since the

maps @ and ¥ are inverse isomorphisms of G-sets. U

10.17 Theorem (Hall-Higman 1.2.3) Let G be a mw-separable group and
assume that O/(G) = 1. Then Cx(0,(G)) < O4(G).

Proof Weset C := Cg(0,(G)) and B := CNO.(G). It suffices to show that
B = C. We assume that B < C' and will derive a contradiction. Note that B
and C' are normal in G and that B is a m-group. Since C//B is a non-trivial
m-separable group, it has a non-trivial characteristic subgroup K/B which
is a m-group or a n’-group. Therefore K/B < G/B and K < G. First we
consider the case that K/B is a w-group. Since B is a w-group, also K is a
m-group. Since K < G, we obtain K < O,(G) and K < O,(G) N C = B,
in contradiction to K/B > 1. Next consider the case that K/B is a 7'-
group. Then, by Schur-Zassenhaus, the normal Hall 7-subgroup B of K has
a complement H, and since K/B > 1, we have H > 1. We have H < C' =
Ce(04(@)) < Cg(B). Thus, B centralizes H. Since K = BH, this implies
that H < K. Thurs 1 < H < On(K) < G. This is a contradiction to the
hypothesis O (G) = 1. 0

10.18 Definition For a m-separable group G we define its w-length as the
minimum number of factors that are m-groups in any normal series of G in
which each factor is either a m-group or a #’-group. For example G has 7-
length 0 if and only if G is a 7’-group. And, G has m-length 1 if and only
if G has a normal series 1 = Gy < G; < G < G3 = G such that G; is a
n’-group, G5 /G4 is a non-trivial w-group and G3/Gs is a 7'-group.

10.19 Theorem Let G be a m-separable group and suppose that a Hall
m-subgroup of G is abelian. Then the m-length of G is at most 1.

Proof Set G := G/O.(G). Then O, (G) = 1. Let H be an abelian Hall
m-subgroup of G. Then H = HO(G)/O./(G) is a Hall m-subgroup of G,
and it contains every normal m-subgroup of G. In particular, it contains
O.(G). Since H is abelian, we have H < C5(0,(G)) < O,(G), where the
last containment follows from Hall-Higman. This implies H = O,(G) and
H < G. This shows that 1 < O (G) < HO(G) < G is a normal sequence
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whose first and third factor is a n’-group and whose second factor is a 7-
group. U

11 Coprime Action

Throughout this section let G and A be finite groups. We assume that A
acts by group automorphisms on G. We denote this action by (a,g) — %.
The resulting semi-direct product will be denoted by I' := G x A. Recall
that (g,a)(h,b) = (g “h,ab) for g,h € G and a,b € A. We will view G and S
as subgroups of I'' via the usual embeddings and then have I' = GA = AG
with AN G = 1. Recall that

Ca(G)={acA| g=gforallge G} <A
denotes the kernel of the action of A on G' and

Co(A)={g9eG|g=gforallac A} <G
denotes the A-fixed points of G, previously also denoted by G4.

11.1 Remark (a) We will often consider a set X on which A and G acts.
We will denote these actions by (a,z) — a -z and (g,x) — g - z. It is easy
to verify that the map

'xX —-X, (ga,2)—g-(a-2),

defines an action of I' on X if and only if the the actions of A and G on X
are compatible in the following sense:

a-(g-z)="%-(a-x) (11.1.a)

forx € X,a€ Aand g € G.
(b) Assume that the compatibility condition (11.1.a) is satisfied. We will
denote the A-fixed points of X by

Xt ={zeX|2=aforallac A}.

It is easy to see that X is stable under the action of Cg(A) = G4,

95



11.2 Lemma (Glauberman) Assume that G and A act on a set X such
that (11.1.a) is satisfied. Moreover assume that ged(|G|,|A|) = 1, that G
acts transitively on X and that G or A is solvable. Then the following hold:
(a) The set of A-fixed points X is non-empty.
(b) The action of G* on X* is transitive.

Proof (a) Let x € X and set U = I'; denote the stabilizer of x in I". We
claim that GU = UG =T. In fact, if v € T" then, by the transitivity of the
action of G on X there exists g € G such that v-2 = ¢g- 2. Thus, g7'y € U
and the claim is proved. Since

U/UNG=GU/G=T/G= A,

U N G is a normal Hall subgroup of U. By Schur-Zassenhaus, U N G has
a complement H in U. Then |H| = [U : UNG] = |A| and H is also a
complement of G in I'. Again by Schur-Zassenhaus, A is conjugate to H in I’
and there exists v € I' such that A = "H. Since H stabilizes x, A stabilizes
v-xand v-2 € X4

(b) Let x and y be arbitrary elements in X“4. Set M := {g € G | g-x = y}.
Since G acts transitively on X, the subset M of G is non-empty. Moreover,
set H := G, the stabilizer of y in G. Then H acts by left multiplication on
M. Also, M is A-stable, since ‘m-x = ‘m-(a-z)=a-(m-x)=a-y=1y.
Therefore, M is a left A-set and a left H-set and ged(|H|, |A|) = 1. We want
to apply Part (a) to this situation. The actions of A and H on M satisfy
(11.1.a), since (hm) = “hm for all a € A, h € H and m € M (because
A acts on G by group automorphisms). Finally, H acts transitively on M,
since for m,n € M we have m -z = y = n - x and therefore, mn~' € G, = H
which implies that m = hn for some h € H. Now Part (a) implies that there
exists an A-fixed point on M, i.e., an element m € M which is also in G4. [J

Note that, since A acts on G via group automorphisms, A also acts on
the set of subgroups of GG, and also on the set of subgroups of G of a fixed
order, by “H :={‘h | h € H} for a € A and H < G. In particular, A acts
on Syl,(G) for every prime p of G. We say that H is A-invariant if “H = H
for all a € A.

11.3 Theorem Assume that gcd(G, A) = 1 and that G or A is solvable.
Moreover, let p be a prime. Then the following hold:
(a) There exists an A-invariant Sylow p-subgroup of G.
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(b) Any two A-invariant Sylow p-subgroups of G are conjugate by an
element in G4.

(c) Every A-invariant p-subgroup of G is contained in some A-invariant
Sylow p-subgroup of G.

Proof Parts (a) and (b) follow immediately from Lemma 11.2. In fact, A
and G act on X := Syl (G), G acts transitively on X, and the compatibility
condition (11.1.a) is satisfied: % - (a- P) = Y(°P) = (9P) =a-(g- P), for
alla € A, g € G and P € Syl,(G).

(c) It suffices to show that every maximal A-invariant p-subgroup P of G
is a Sylow p-subgroup of G. Set N := Ng(P) and note that with P also N is
A-invariant. By Part (a) (applied to N instead of G), we may choose an A-
invariant Sylow p-subgroup S of N. Since P is normal in N, we have P < S.
Since P was a maximal A-invariant p-subgroup of GG, we have P = S and P
is a Sylow p-subgroup of N. But this implies that P is a Sylow p-subgroup of
G. In fact assume this is not the case; then P is properly contained in some
Sylow p-subgroup 7T of G and @) := Np(P) > P, since T is nilpotent. Thus,
@ < Ng(P), contradicting the fact that P is a Sylow p-subgroup of N. [

Since A acts on G by automorphisms, we have for every a € A and
g,h € G: g and h are conjugate in G if and only if % and “h are conjugate
in G. This implies that for every conjugacy class K of G the subset “K :=
{% | g € K} is again a conjugacy class of G.. Thus, A acts on the set cl(G)
of conjugacy classes of G. If K € cl(G)#, we also say that K is A-invariant.

11.4 Theorem Assume that ged(|G|,|A|) = 1 and that A or G is solvable.
Then the map
A = c(GY), K KNG4,

is a well-defined bijection.

Proof Let K € cl(G)#. We first show that K N G4 is a conjugacy class
of GA. We will apply Glauberman’s Lemma 11.2 to the set X = K on
which G acts transitively by conjugation and on which A acts, since K is
A-invariant. It is straightforward to verify that the compatibility condition
(11.1.a) holds: For a € A, g € G and x € K, the left hand side equals
Ngrg™") = % %(%)~"! and the last expression equals the right hand side in
(11.1.a). By Glauberman’s Lemma, K4 = K N G* is not empty and it is a
single orbit under the G*-conjugation action. Therefore, K N G* € cl(G4).
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Next we show that the map in the theorem is surjective. Let L € cl(G4)
and let x € L. Let K € cl(G) denote the conjugacy class of x. Then K is A-
invariant, since it contains the A-fixed point x. By the previous paragraph,
K NG is a single conjugacy class of G4. But since it contains z, it is equal
to L.

Finally, we show that the map in the theorem is injective. Assume that
K, and K, are A-invariant conjugacy classes of G with K; "G4 = K, N G4,
By the first part of the proof, this latter is a non-epmty set. This implies
that K; and K5 have non-empty intersection. Therefore, K = Kj. U

Since A acts on G, it acts on the set of subsets of G via ¥V ={% |y € Y}
fora € Aand Y C G. Since A acts on G via group automorphisms, it also
acts on the set of subgroups. We say that a subset Y of G is A-invariant it
it is a fixed point under this action, i.e., if % € Y foralla € A and y € Y.
In this case, A also acts on Y, and if YV is a subgroup of G then A acts on
Y via group automorphisms. If the subgroup Y of GG is A-stable then A also
acts on the set G/Y of left cosets of Y and on the set Y\G of right cosets of
Y.

11.5 Theorem Assume that H < G is an A-invariant subgroup of G, that
ged(|A|, |H|) = 1 and that A or H is solvable. Then, the A-invariant left (or
right) cosets of H are precisely those that contain an A-fixed point.

Proof Clearly, if a coset contains an A-fixed point g then it is equal to gH
(or Hg) and it is A-invariant. Conversely, assume that the coset gH is A-
invariant (right cosets can be treated similarly). We can consider X := gH as
a left A-set and also as a left H-set via h-(gh’) := gh’/h™, for h, i/ € H. Note
that H acts transitively on X. We verify that the compatibility condition
(11.1.a) is satisfied. For b/ € H, a € A and =z € X, its left hand side
equals a- (h-gh') = “gh’h=t = %N/ (°h)~! and the last expression is equal to
°h - (a-gh'). By Glauberman’s Lemma 11.2 X has an A-fixed point. This
completes the proof. U

If N is an A invariant normal subgroup of G then A acts on G/N via
group automorphisms by gN = %N = %N, fora € A and g € G.

11.6 Corollary Let N be an A-invariant normal subgroup of G and assume
that gcd(|Al, |N|) = 1 and that A or N is solvable. Then (G/N)* = GAN/N.
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Proof This follows immediately from Theorem11.5, since (G /N)# is the set
of A-invariant cosets of N and GAN/N is the set of cosets of N which contain
an A-fixed point. 0

Since the Frattini subgroup ®(G) is characteristic in G, it is an A-stable
normal subgroup of G and the action of A on G induces an action of A on
G/®(G) via group automorphisms.

11.7 Corollary Assume that ged(|A|, |®(G)|) = 1 and that A acts trivially
on G/®(G). Then A acts trivially on G.

Proof It suffices to show that for every element a € A the cyclic subgroup
B := (a) of A acts trivially on G. Note that with A also B acts trivially
on G/®(@) and since B is solvable, we can apply Corollary 11.6 to G, ®(G)
and B to obtain GB®(G)/®(G) = (G/®(G))? = G/®(G). The correspon-
dence theorem implies GB®(G) = G and Lemma 2.3 implies that GZ = G.
Therefore, B acts trivially on G. U

11.8 Corollary Assume that ged(]A|, |®(G)|) = 1 and that the action of A
on G is faithful. Then the action of A on G/®(G) is faithful.

Proof Let B denote the kernel of the action of A on G/®(G). Then Corol-
lary 11.7 implies that B acts trivailly on G. But since A acts faithfully on G
we obtain B = 1. But this means that A acts faithfully on G/®(G). g
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12 Commutators
Throughout this section we fix a group G.

12.1 Definition (a) For z,y € G we define their commutator by [x,y] :=
xyxr~ty~!. For n > 3 and elements z1, ..., x, in G we define their commuta-
tor recursively by

[T1, ..., @) o= [21, [T, ..., 4] -

(b) For subgroups X and Y of G we define their commutator [X,Y] as
the subgroup generated by all commutators [x,y] for x € X and y € Y. For

n > 3 and subgroups X1, ..., X,, of G we define their commutator recursively
by

(X X,) = [X1, [Xo, ..., X))
Warning: In general, [ X, X,] is not generated by the elements [z, . .., z,]

with z; € X; fori =1,.

12.2 Proposition Let z, y and z be elements of GG, let X and Y be sub-
groups of G and let N be a normal subgroup of G.

(a) One has |y, z] = [z,y] ' and [X,Y] = [V, X].

(b) One has [x,yz| = [z,y] - Yz, z].

(¢) One has [X,Y] < (X,Y).

(d) If f: G — H is a group homomorphism then f([x,y]) = [f(z), f(y)]

and f([X,Y]) = [f(X), f(Y)].

(e) One has [tN,yN]| = [z,y]N and [X,Y|N/N = [XN/N,YN/N]| in
G/N.

(f) One has [X,Y] <Y if and only if X < Ng(Y).

Proof (a) [z,y][y, x] = xyz~ly lyzy~'z~! = 1. By definition, [X, Y] is gen-
erated by the elements [z,y] with z € X and y € Y, and [Y, X] is generated
by their inverses. Therefore, [X,Y] = [V, X].

(b) We have [z,y|- Yz, 2] = (zyz~ly ) (yrze™ 27 ly™!) = zyzat27ly™ =
[z, yz].

(¢) For z € X and y,y € Y, Part (a) yields [z, yy'] = [z, 9] - Y=, v'], and
therefore Y[z, y'] = [z,y]™' - [z,yy] € [X,Y]. This shows that Y normalizes
[X,Y]. For the same reason, X normalizes [Y, X]. But [V, X] = [X,Y],
by Part (a). Therefore, the group (X,Y) normalizes [X,Y]. Obviously,
(X,Y] < (X,Y).
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(d) We have f([z,y]) = f(zyz~'y™!) = f(2) f(y) f(2) " f(y) " = [f(@), f(y)]-
Since [X, Y] is generated by the elements [z,y| with x € X and y € Y, the

group f([X,Y]) is generated by the elements f([x,y]) = [f(z), f(y)] with
rze€ X andy €Y. Thus, f([X,Y]) = [f(X), f(Y)].

(e) This follows immediately from part (e) applied to the natural epimor-
phism f: G — G/N, g — gN.

(f) For x € X and y € Y one has [z,y] = % -y~ and therefore % =
[z,y] - y. This shows that [z,y] € YV if and only if y € Y and the result
follows. g

12.3 Lemma Let A be an abelian normal subgroup of G and suppose that
G/A is cyclic. Then G' =[G, A] < A and

G'2A/(ANZ(Q)).
In particular, if A is finite then G' is finite and |A| = |G'| - |[AN Z(G)|.

Proof Let g € G be such that G/A = (gA). Since A is normal in G, we
have [G, A] < A and we can define the function §: A — A, a — [g,a]. By
Proposition 12.2(b), and since A is abelian, we have [g,ab] = [g, a][g, b] for
all a,b € A. Thus, 6 is a homomorphism. Moreover, ker(f) = Cu(g) =
Ca(G) = AN Z(G), and 0(A) < [G,A] < G'. We will show that G’ < §(A)
and all statements in the lemma will follow. To that end it suffices to show
that #(A) is normal in G and that G/6(A) is abelian. Since #(A) < A
and A is abelian, 6(A) is normalized by A. Moreover, for a € A we have
B(a) = 9g,a] = [%, %] = [g, %] = 0(%) € (A). Therefore, §(A) is normal
in G. Finally, set G := G/0(A). Note that G is generated by g and the
elements @ for a € A. In order to show that G is abelian it suffices to show
that [7,a] = 1. But [g,a] = [¢,a] = 0(a) = 1. O

12.4 Lemma For z,y, z € G one has the Hall-Witt identity

y[may_laz] : Z[?J»Z_laff] : CC[Z71,

Proof Straightforward computation. U

12.5 Lemma (3 subgroup lemma) Let X, Y and Z be subgroups of G.
IfX,)Y,Z]=1and [Y,Z,X]| =1 then [Z,X,Y] = 1.

61



Proof It suffices to show that [X,Y] € Cg(Z). Since Cg(Z) is a subgroup
of G, it suffices to show that [z,y] € Cs(Z) for all x € X and y € Y. For
this it suffices to show that [z, z,y] = 1 forallz € X,y € Y and z € Z. This
follows now from the hypothesis and the Hall-Witt identity. U

12.6 Corollary (3 subgroup corollary) Let N be a normal subgroup of
G and let XY, Z be subgroups of G. If [X,Y,Z] < N and [Y,Z,X] € N
then [Z,X,Y] € N.

Proof This follows immediately from Proposition 12.2(e) and the 3 subgroup
lemma applied to G/N. U

12.7 Definition We recalibrate the lower central series of a group by set-
ting G' :== G, G? := [G,G] and G" := [G, G, ..., G| with n entries G. Note
that with the conventions in [P] we have G" = Z,,_1(G). Recall that G" is
characteristic in G for all n € N. We call any subgroup of n-fold commu-
tators of copies of G a weight n commutator subgroup of GG. For instance,

[[G, G, G, |G, G, [|G, G], G]]] is a weight 8 commutator subgroup of G.

12.8 Theorem For any i,j € N one has [G*, G'] < G'.

Proof We proceed by induction on i. If i = 1 then [G', G'] = [G,G'] = GI™!
by definition. Now assume that ¢ > 1. Then we can write G' = [G, G !]
and have [G*,G’] = [GY,G'] = [G?,G,G"!]. By the 3 subgroup corollary it
suffices to show that [G, G, GY] < G and (G}, G7, G] < G™. But, by
induction, we have

GGG = (GG G <G, =G
and
G e, a) =06 = (66, = 6L G < 6

and the proof is complete. U

12.9 Corollary Let n € N. Any weight n commutator subgroup of G is
contained in G".
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Proof We proceed by induction on n. For n =1 and n = 2 the statement
is obviously true. For n > 2 every weight n commutator subgroup of G is
of the form [X, Y] where X is a weight ¢ commutator subgroup of G and Y
is a weight j commutator subgroup of G for positive integers ¢ and j with
i+ 7 = n. By induction and by Theorem 12.8, we obtain [X,Y] < [G*, G'] <
G = G™ and the proof is complete. U

12.10 Corollary For any n € Ny one has G < G*".

Proof We proceed by induction on n. For n = 0 we have G = @
G' = G*. For n > 0 we have G™ = [G»~D G-D] < [G*,G*"]
G272 = G2 by induction and Corollary 12.9.

= /Al

For the rest of this section let A denote a group and assume that A acts
on GG via automorphisms. As before we view A and G as subgroups of the
resulting semidirect product I' and note that inside I' the conjugation action
of A on G coincides with the original action of A on G.

12.11 Remark (a) A subgroup H of G is A-invariant and normal in G if and
only if it is normal in I". In this case [A, H] < H, since A normalizes H, and
moreover, [A, H] is again normal in AH. In fact, for a,b € A and h,k € H
we have “b,h] = [D, ‘h] € [A, H] (showing that A normalizes [A, H]) and
[a, hk] = [a, h]- "[a, k] (showing that "[a, k] € [A, H] and therefore that also H
normalizes [A, H]). In particular, [A, G] is an A-invariant normal subgroup
of G. Iterating this process, one obtains a sequence

of A invariant subgroups of GG. In general the subgroups in this sequence are
not normal in G. The next lemma will show that the induced A-action on
each of the factor groups is trivial.

(b) If H is an A-invariant subgroup of G then the action of A on G induces
an action of A on the set of left cosets, G/H, and also on the set of right
cosets, H\G, as already explained in the paragraph preceding Theorem 11.5.
Moreover, if H is an A-invariant and normal subgroup of GG, then the action
of A on G induces an action of A on the group G/H via automorphisms.

12.12 Lemma The subgroup [A, G| of G is A-invariant and normal in G
and the induced action of A on G/[A, G| is trivial. Conversely, assume that
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N is a normal A-invariant normal subgroup of G such that the induced action
of A on G/N is trivial. Then [A,G] < N.

Proof By Remark 12.11(a), we already know that [A, G] is an A-invariant
and normal subgroup of GG. Moreover, if N is any A-invariant normal sub-
group of GG then one has:

A acts trivially on G/N Ng)=Ngforallge Gandalla € A

<

< N-%=Ngforallge Gandallaec A
— YgleNforalge Gandallaec A

< [a,g] € N forallg € Gand all a € A

<~ [A,G] < N.

This completes the proof. U

12.13 Corollary For any subgroup H < G the following are equivalent:
(i) Every left coset of H in G is A-invariant.
(ii) Every right coset of H in G is A-invariant.
(iii) [A, G] < H.

Proof (i) <= (ii): If X is an A-stable subset of G then also X! := {z7! |
r € X} is A-stable. But (¢H)™' = Hg™! for all g € G.

(ii)=-(iii): The hypothesis implies in particular that H is A-invariant.
Further, for every a € A and g € G, we have Hg = Hg) = “H% = H%.
This implies [a,g] = %g~' € H. Since a and g were arbitrary, we obtain
[A,G] < H.

(ili)=-(i): Every left coset of H in G is a union of left cosets of [A4, G| in
G. By Lemma 12.12, each coset of [A,G] in G is A-invariant (since A acts
trivially on G/[A, G]). Thus, every left coset of H is A-invariant. U

Forn € Nweset [A,..., A G|, :=[A,..., A G| where the last expression
contains n copies of A.

12.14 Theorem Let n € N and assume that [A,... A G|, = 1. Then
A1) < Cy(@). In particular, if A acts faithfully on G and [A, ..., A, G], =
1 then A™=Y =1 and A is solvable.
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Proof It suffices to show the first statement. The second statement fol-
lows immediately, since Cy(G) = 1 if A acts faithfully on G. We show the
first statement by induction on n. If n = 1 then [A,G] = 1 and A acts
trivially on G. Thus A® = A = C4(G). Next we assume that n > 1
and that the statement holds for values smaller than n. We want to show
that A=Y < C4(G), or equivalently that [G, A"~V] = 1. First note that
the hypothesis yields 1 = [A,..., A, G|, = [4,..., A, N],— for N := [A,G].
By induction we obtain A2 < C4(N), or equivalently 1 = [A"~2) N] =
[A"=2 A G]. In particular, we have [A™=2 A2 ] = 1. But then also
(A2 G, A=2] = [A"=2) A=2) G] = 1. Now the 3 subgroup lemma
implies [G, A2 A"=2)] =1, and [G, A"V] = 1, as desired. 0

12.15 Corollary Assume that A acts faithfully on G and that [A, A, G] = 1.
Then A is abelian.

Proof This is immediate from Theorem 12.14 with n = 2. U

For any group A we set A® 1=, ey A". If A is finite then the descending
sequence A" of subgroups of A terminates and A* is the final subgroup in
this sequence, i.e., A = A¥ = A¥*! = ... for some k € N.

12.16 Theorem Assume that A and G are finite. If [A,..., A, G|, =1 for
some positive integer n then A> < C4(G). In particular, if A acts faithfully
on G and [A, ..., A G, =1 for some positive integer n then A is nilpotent.

Proof We proceed by induction on |G|. If |G| = 1 then Cy(G) = A and
A*® < A = Cy(G). Now we assume that |G| > 1. Then N := [A,G] <
G, since otherwise 1 = [A,...;A,G], = G. Since 1 = [A,... A, G|, =
[A,..., A, N],_1, we obtain by induction that C'4(N) < A, or equivalently,
[A>® A, G] = [A>*,N] = 1. We need to show that [G, A*] = 1, or equiva-
lently that [G, A®, A] = 1, since A®° = A* = A1 = [A A¥] = [A, A®] =
[A>, A] for some k € N. By the 3 subgroup lemma it suffices to show that
[A,G, A®] = 1.

We claim that it suffices to find a normal subgroup C of G with 1 < C' <
G#4. In fact, then we know that A acts on G := G/C and [A,..., A, G], =
[A,...,A,G], = 1 and by induction we obtain 1 = [A* G] = [A*, G].
This implies [A®, G] < C, and since A acts trivially on C' we obtain 1 =
[A, A G] = [A, G, A*], and the claim is proved.
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We may assume that [A>, G] > 1, since otherwise A* < C4(G) and we
are done. We set C' := Cly g(A4). Then clearly, C < G*. To see that
C > 1, note that [A,..., A [A®,G]], < [A,...,A,G] =1 but [A~,G] > 1.
Let m € Ny be maximal with [4, ..., A [A® G]],, > 1, then this subgroup
is centralized by A and it is contained in [A*>°, G]. Therefore it is contained
in C'and C' > 1.

Finally, we show that C' is normal in G. First we claim that [A*, G]
centralizes [A,G]. From the first paragraph we have [A*, A, G] = 1 and
therefore [G, A>, [A,G]] = [G,1] = 1. Moreover, [A,G] 9 G and therefore
[[A,G],G] =[G, A, G]] < [A,G]. Thisimplies [A*,[A,G], G| < [A%,[A,G]] =
1. The 3 subgroup lemma now implies that [[A, G|, G, A*] = 1, proving our
claim. In particular, since C' < [A*, G|, we have [C,A,G] = 1. Since
A centralizes C, we also have [G,C, A] = 1. The 3 subgroup lemma implies
[A, G, C] = 1sothat [G, C] is centralized by A. Recall that C' < [A>®,G] < G
and therefore [G,C] < [G,[A®,G]] < [A®,G]. But we just saw that A
centralizes [C,G]. Thus, [C,G] < C~g(A) = C. This implies that G
normalizes C' and the proof is complete. U

12.17 Lemma If [A, A,G] =1 then [A, G] is abelian.

Proof We have [G, A, [A,G]] = [G,1]
[A,[A,G1.G] = [4,G,[A,G]] < [A,[A
we obtain [[A,G],[A,G]] = [[A,G],G

= 1. Moreover, [A,G] < G implies
]] = 1. By the 3 subgroup lemma
,Al =1 and [A4, G] is abelian. 0

12.18 Theorem Assume that A and G are finite and that A is a p-group.
If[A, ..., A G], =1 for some positive integer n then [A, G| is a p-group.

Proof We set N := [A,G] and recall from Lemma 12.12 that N is an
A-invariant normal subgroup of G and that A acts trivially on G/N. We
prove the theorem by induction on |G|. If |G| = 1 then N =1 and N is a
p-group. Now we assume that |G| > 1. Since [A4,..., A, G], = 1, we have
N<G. Moreover, [A, ..., A, N|,_1 = 1 and, by induction, [A, N] is a p-group.
Again by Lemma 12.12; [A, N] is a normal A-invariant subgroup of N and
A acts trivially on N/[A, N]. Set U := O,(N). Then U < N <G implies

char

that U is A-invariant and normal in G. We have [A, N] < U < N and set
G := G/U. Then A acts trivially on N since it acts trivially on N/[A, N].
Moreover, A acts trivially on G/N and on G/N. We obtain 1 = [A, N| =
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[A,[A,G]] = [A, A,G] and by Lemma 12.17, N = [A,G] is abelian. Since
O,(N) = 1, we can conclude that N is a p’-group. Now the hypotheses of
Corollary 11.6 are satisfied for the subgroup N of G. Thus, every coset of N
in G contains an A-fixed point. But also N consists of A-fixed points. This

implies that A acts trivially on G. This implies 1 = [4,G] = [A,G] = N and
N < U. Thus, N is a p-group. U

12.19 Theorem Assume that A and G are finite and that [A, ..., A, G|, =
1 for some positive integer n. Then [A, G] is nilpotent.

Proof We prove the theorem by induction on |A|. If |A| = 1 then [A,G] =1
is nilpotent. We assume from now on that |A| > 1. We claim that every
proper subgroup B of A acts trivially on G/F(G), where F(G) is the Fitting
subgroup of G. In fact, [B,...,B,G], < [A,..., A, G|, = 1 and the induction
hypothesis implies that [B, G| is nilpotent. Since [B,G| < G, we obtain
[B,G] < F(G). Since B acts trivially on G/[B, G], it also acts trivially on

G:=G/F(QG).
If A is generated by all its proper subgroups then A acts trivially on G.
This implies that 1 = [A,G] = [A4, G] and [A, G] < F(G). But then [A, G] is

nilpotent. Therefore we may assume that A is not generated by its proper
subgroups. Since A is generated by its Sylow subgroups for all prime divisors
of |A], A must be equal to a Sylow subgroup of A. Thus, A is a p-group and
Theorem 12.18 applies to show that [A, G] is a p-group. This completes the
proof. U
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13 Thompson’s P x () Lemma

Throughout this section, G and A denote groups and we assume that A acts

on GG via automorphisms. We view GG and A as subgroups in the semidirect
product I' := G x A.

13.1 Lemma Assume that A and G are finite, that ged(|A],[A,G]) = 1,
and that A or [A,G] is solvable. Then G = A% - [A, G].

Proof This follows immediately from Lemma 12.12 and Corollary 11.6, since
every coset of [A,G] in G is A-invariant and therefore contains an A-fixed
point. U

13.2 Lemma Assume that A and G are finite and that ged(|A[, [A, G]) = 1.
Then [A, A, G] = [A,G].

Proof Clearly [A, A, G] < [A, G]. To show the reverse inclusion it suffices to
show that [a, g] € [A, A,G] foralla € A and g € G. In a first step we assume
that A is solvable. Then, by Lemma 13.1, we can write ¢ = xc with ¢ € G4
and = € [A, G]. We obtain [a, g] = [a, x| = [a, 2] - T[a, ] = [a, 2] € [A, A, G,
since [a,c] = 1. In the general case (A not necessarily solvable), we work
with (a) instead of A and obtain [a, g] € [(a), (a),G] C [A, A, G]. O

13.3 Corollary Assume that A and G are finite, that A acts faithfully on
G and that [A,..., A, G|, = 1 for some n € N. Then every prime divisor of
|A| also divides |G|.

Proof Let p be a prime divisor of |A| and assume that p does not di-
vide |G|. For P € Syl (A), repeated application of Lemma 13.2 yields
1 =[P,...,P,G|, = [P,G]. This implies that P acts trivially on G, in
contradiction to A acting faithfully on G. U

13.4 Lemma Let p be a prime. Assume that A and G are p-groups and
that G > 1. Then [A,G] < G and G* > 1.

Proof Note that the semidirect product I' := G x A is again a p-group.
Therefore, there exists n > 2 such that I'™ = 1. Thisimplies [4, ..., A, G],_1 <
[ =1withn—12>1 Since G > 1 and [A4,...,A,G],—1 = 1, we have
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[A, G] < G and there exists an integer i > 0 such that C':=[A, ..., A, G];_1 >
1 but [A,..., A G]; = 1. This implies 1 < C' < G*. U

13.5 Theorem (Thompson’s P x () Lemma) Let p be a prime. Assume
that A = P x Q, where P is a p-group and () is a p’-group, and that G is a
p-group. If G < G9 then G¥ = G.

Proof We prove the theorem by induction on |G|. If |G| = 1 then the clearly
Q) acts trivially on G. So assume that |G| > 1 and set I' :== G x A. By
Lemma 13.4 we have [P, G] < G. Since A normalizes P and G, the subgroup
[P,G] < G is A-invariant. Moreover, [P,G]F =GP N[P,G] < G?N[P,G] =
[P,G]°. By induction we obtain that @ acts trivially on [P, G]. In other
words, [Q, P,G] = 1. But also [G,Q, P] = 1, since [@Q, P] = 1. By the 3
subgroup lemma we obtain [P, G, Q] = 1 and P acts trivially on [Q, G]. But
then [Q,G] = [Q,G)” = [Q,G]NGF < [Q,G] NG = [Q, G]2, which implies
that @ centralizes [@, G| and that [Q,Q,G] = 1. Now, Lemma 13.2 implies
that [Q, @, G] = [@, G| and the proof is complete. 0

13.6 Theorem Let p be a prime, let G be a p-solvable group, let P be a
p-subgroup of G, and set H := Ng(P). Then O, (H) < Oy (G).

Proof We set ) :== O, (H) and N := O,(G). We first assume that N =1
and need to show that () = 1. Note that both P and () are normal subgroups
of H and that PN @ = 1. Thus, A := PQ = P x @ is the internal direct
product of P and (. Moreover, A acts on the p-group U := O,(G) > 1 by
conjugation. We want to show that Cy(P) < Cy(Q). Note that Cy(P) =
UNCq(P) < UNNg(P) = UNH and that UNH is a normal p-subgroup of H.
Since () is a normal p’-subgroup of H, U N H and () centralize each other.
Therefore Cy(P) and @ centralize each other. In other words, Cy(P) <
Ce(Q)NU = Cy(Q), and we can apply Thompson’s P x @ lemma. This
yields [U,Q] =1 or @ < Cg(U). By the Higman-Hall 1.2.3 lemma, we have
Cg(U) < U and therefore Q < U. Since U is a p-group and @ is a p’-group,
this implies ) = 1 as desired.

Now assume that N = O,(G) > 1. Then G := G/N is p-solvable with

Oy (G) = 1. We have Ng(P) = Ng(P) = H (cf. Homework problem), since
N is a normal p’-subgroup of G. By the first case applied to G we have
Oy (H) = 1. But Oy(H) < Oy(H) and therefore, O, (H) < N = Oy (G).
This completes the proof. U
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13.7 Theorem Assume that A and G are finite, that ged(|A|, |G|) = 1, and
that G is abelian. Then G = G* x [A, G].

Proof We already know that G = G4 - [A, G| by Lemma 13.1. Since G is
abelian, it suffices to show that GAN[A,G] = 1. Let §: G — G be defined

as

0(g) == II -
acA
Since G is abelian, this definition does not depend on the order of the product.
Also, since G is abelian, 6 is a group homomorphism. If ¢ € G4 then 6(c) =
clA|. Moreover, for a € A and g € G we have 0(%) = [[be€ A% = 0(g)
and therefore 6([a,g]) = 0(%)0(g~" = 0(g)0(g)~" = 1. This implies that
[A,G] < ker(f). Now let € GAN[A,G]. Then 1 = §(x) = 2/4l. But since
A and G have coprime orders, this implies x = 1 and the proof is complete.
O

13.8 Corollary Let p be a prime. Assume that G is an abelian p-group and
A is a p'-group. If A fixes every element of order p in G then A acts trivially
on G.

Proof By Fitting’s Theorem 13.7 we have G = G4 x [A4,G] and every
element of order p in G is already contained in G4. Therefore, [4,G] is a
p-group with no elements of order p. This implies [4,G] =1 and GA = 1. 0

Our goal is to show that we can drop the assumption that G is abelian in
the previous corollary. The following trick, due to Reinhold Baer, will come
in handy.

13.9 Lemma (Baer trick) Let G be a finite nilpotent group of odd order
with G3 =1 (i.e, G’ < Z(G)). There exists a binary operation

GxG—G, (r,y)—x+y,

with the following properties:

(i) (G,+) is an abelian group.

(i) If x,y € G are commuting elements then x 4+ y = xy.

(iii) The additive order of every element of G is equal to its multiplicative
order.

(iv) Aut(G) < Aut(G, +).
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Proof Since G has odd order, there exists n € Z with |G|+ 1 = 2n. For
z,y € G, we define x + y := [z, y|"yz.

We first show that  +y = y + x for x,y € G. We need to show that
[z, y|"zy = [y, x]"xy, or equivalently that [z, y]" = zyx~'y~!. But this holds,
since 2n = |G| + 1.

Next, assume that x,y € G are commuting elements. Then =z +y =
[z, y|"yx = zy, since [z, y] = 1. This shows (ii).

Since 1 commutes with every x we have x +1 =2 -1 = . Thus, 1 is an
identity element with respect to 4. Moreover, since z and z~! commute, we
have z + 27! = 227! = 1. Next we show associativity of +. Note that, since
G' < Z(G), every commutator is central in GG, and every triple commutator
is trivial. Moreover, for every x € G, the function G — G, y — [z,y], is a
homomorphism. In fact, [z,yz] = [z,y] - Yz, 2] = [z, y][x, 2] for z,y,2 € G.
Similarly, [zy, z] = [z, ][y, z]. We have

and similarly

(@ +9) +2 = [w,y"ye+ 2 = [[o,y]"yz, 2| - 2la, 9]y
= [z, y]"[z, 2]"[y, 2|"2yz
Thus, + is associative and (G, +) is an abelian group with identity element
1 and —x = x~!. This shows (i).
To see (iii), note that (a) implies n -z = z™ for all positive integers n (by

induction on n) and that additive and multiplicative identity coincide.
Finally, let f € Aut(G). Then

flx+y) = f(lz,y]"yz) = f([z,y])" f(y) f(z) = [f (@), fF)]"f(y) f(x)
= f(z) + f(y)

and (iv) follows. This completes the proof. 0
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13.10 Theorem Let p be an odd prime. Assume that G is a p-group and
that A is a p'-group. If A fixes every element of order p in G then A acts
trivially on G.

Proof We prove the theorem by induction on |G|. If |G| = 1 then certainly
A acts trivially on G. So assume from now on that |G| > 1. By induction,
A acts trivially on every A-invariant proper subgroup H of GG. In particular,
if [A,G] < G then A acts trivially on [A,G] so that [A,A,G] = 1. But
by Lemma 13.2 we have [A,G] = [A4,A,G] = 1 and A acts trivially on G.
Therefore, we can assume from now on that [A,G] = G. Since G is a non-
trivial p-group we have G’ < G. Moreover, since GG’ is characteristic in G, it is
also A-invariant. We obtain, by induction, that [4, G'] = 1. In particular we
have [G, A, G'] = 1. Moreover, since G’ is normal in G, we have [G,G'| < G,
which implies [A,G',G] = [A,G,G'] < [A,G'] = 1. By the 3 subgroup
lemma, we have [G',G,A] = 1. But since we assumed that [A4,G] = G,
we obtain [G',G] = 1. In other words, G’ < Z(G). By Lemma 13.9, G
carries an abelian group structure (G, +) satisfying conditions (i)—(iv) in the
Lemma. By (iv), the action of A on G is also an action on (G, +) via group
automorphisms. By (iii), every element of (G, +) of order p is fixed by A.
Thus, by Corollary 13.8, A acts trivially on (G, +) and on G. 0

13.11 Theorem Let p be an odd prime. Assume that A = P(Q), where P is
a p-subgroup of A and () is a normal p'-subgroup of A, and assume that G
is a p-group. If G < G@ then G% = G.

Proof First note that, since A normalizes G and @, the subgroup [@, G] of
G is A invariant.

Our next goal is to prove the theorem in the case that G is abelian. In
this case, by Fitting’s Theorem, we have G = G% x [Q,G]. Assume that
[Q,G] > 1. Lemma 13.4 implies that [Q,G]¥ > 1. But then the hypothesis
of the theorem implies [Q, G]¢ > [Q, G]¥ > 1. This implies [Q,G]NGY =1,
in contradiction to G = G% x [Q, G].

Now we prove the theorem for general G by induction on |G|. We can
assume that |G| > 1. Note that if H is a proper A-invariant subgroup of
G then H satisfies the hypothesis of the theorem and, by induction, @) acts
trivially on H. We apply this to [Q, G]. So, if [, G] < G then [A,Q,G] =
1. In particular, [@,Q,G] = 1 and by Lemma 13.2 we obtain [Q,G] =
[Q,Q,G] =1 and we are done. So we can assume from now on that [Q, G| =
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G. Consider the proper A-invariant subgroup G’ of G. By the above we
obtain [@,G’] =1 and in particular [G,Q,G'] =1 and [Q,G’,G] < [Q, G| =
1. The 3 subgroup lemma implies [G’,Q,G] = 1 and since [Q,G] = G, we
obtain [G’',G] = 1. In other words, G’ < Z(G). Now we can again apply
Baer’s trick to see that () acts trivially on G, since we have already proved
the theorem in the case that G is abelian. U
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14 The Transfer Map

Throughout this section, G' denotes a finite group.

14.1 Definition Let H and K be subgroups of G with H' < K < H < G
(in particular, H/K is abelian) and let R C G be a set of representatives
for G/H. Then, for each g € G there exist unique elements p(g) € R and
n(g) € H such that g = p(g)n(g). The function

Vig:G—H/K, g~ []nlgrkK,

reER

is called the transfer map from G to H/K (with respect to R).

14.2 Proposition Using the notation of Definition 14.1, the function Vﬁ/ K
is a group homomorphism which does not depend on the choice of R.

Proof Let R’ be another set of representatives of G/H and let p': G — R’
and n': G — H be such that g = p'(g)n'(g) for all ¢ € G. Then there exists
for each r € R a unique v’ € R’ such that rH = v’ H and also a unique h, € H
such that r" = rh,. For any x € G we therefore have p'(x) = p(x)h,). This
implies

' (gr') = p'(gr') " gr’ = p'(gr) " grhe = T plar) " grhe = ol n(gr)h
for all g € G and " € R'. Therefore,

II 7' (g K =TT hymyn(gr)he K

= (It (I ) (I )
= 1; n(gr)K

for all g € G, since with r also p(gr) runs through R. This shows that V[?/ %
does not depend on the choice of R.

Next we show that fo/ x 18 a homomorphism. Let g1, g9, € G. Then, for
every r € R we have

p(g1927)H = g1gomH = g1p(gor)H = p(g91p(gor)) H |
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and therefore, p(g1927) = p(g1p(g2r)). This implies

Vg/K(ngz) =[] p(g192r) ' qrgor K = [] p(910(g27)) " g1gor K
reR reR

= 11 p(g1o(g2r))  g1p(g2r) p(g2r) "' gar K = T nlg1p(ger))n(gar) K

rerR reR
= (H n(glp(gzr))K) (H 77(927“)K> = (H 77(917")[() (H 77(927")1()
T€ER reER reER r€R
= VI?/K(QI)VI?/K(QQ) )
and the proposition is proved. U

14.3 Remark Let H' < K < H < G be as in Definition 14.1. In order to
calculate Vh?/ w(g) for given g € G, we can choose a set R of representatives
which depends on g and makes the computation easier. Note that (g) acts
on G/H by left translations. Let r H,...,rsH be a set of representatives of
the (g)-orbits and let d; be the length of the orbit of r;H, fori = 1,...,s.
Then

o di—1 ds—1
R:={ri,gri,....,g" ri,re,gra, ..., Ts, grs, ..., g 1} TG

is a set of representatives of G/H, g%r; € r;H, r;'g%r; € H for all i =
1,...,s, and

VI?/K(Q) = Hri_lgdiriK-
i=1

Note that dy + --- +d, = [G : H]. If moreover, r; 'g%r;K = g% K for all
i =1,...,s (which holds for example if g € Z(G) or if H < Z((G)), then we
obtain

Viije(g) = 9K

This implies that G — Z(G), g +— ¢!%%(@)] is a homomorphism.
14.4 Definition For H < G we call the group
Focq(H) :=([g,h] | g € G, h € H such that [¢g,h] € H)

the focal subgroup of H with respect of G.
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14.5 Remark Let H < G and set F := Focg(H). Then it is clear that
H<F<HNG<KH.

Therefore, ' < H and H/F is abelian. For r € G and h € H with [r,h] € H
we have

rhr 'F =rhr'h™'Fh = [r,h]Fh = Fh = hF.
With Remark 14.3 we therefore have

Vie(h) = WO E
forall he H.

14.6 Proposition Let H < G and F := Focg(H). If [G : H] and [H : F]
are coprime, then the following assertions hold:

(a) HN ker(Vlf/F) = HNG' =Focg(H).

(b) err(Vg/F) =G.

(c) G/G' 2 HG'/G" x ker(VI?/F)/G’.

(d) G/ ker(Vig)p) = H/F.

Proof (a) Since H/F is abelian, also G/ ker(Vg/F) is abelian by the Homo-
morphism Theorem. This implies G' < ker(Vg/F) = Nand F<HNG <
H O N. On the other hand, if h € HN N, then 1 = Vg (k) = hlFHIF by
Remark 10.5. Since also A1 = 1 and [G : H] and [H : F] are coprime,
we obtain hf' = F and h € F.

(b) By (a) we have

|G/N| > |HN/N| = |H/HON| = |H/F| > |G/N]|.
Therefore, we have equality everywhere and HN = G.
(¢) By (b) we have G/G' = (HG'/G')(N/G') and by (a) we have N N

HG =(NNH)G'=FG =¢G".
(d) From the proof of (b) we see that Vg/  1s surjective. 0

14.7 Definition Let H < G. We set Hy := H and H; := Focg(H;—4) for
1 € N. If H, =1 for some n € Ny, then we say that H is hyperfocal in G.
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14.8 Remark (a) If H < G is hyperfocal in G and K < H, then also K is
hyperfocal in G. In fact, this follows immediately from Focq(U) < Focg(V),
whenever U < V < G. Moreover, if H < U < G and H is hyperfocal in G,
then H is also hyperfocal in U. This follows immediately from Focy (V) <
Focg(V), whenever V < U < G.

(b) Assume the notation from Definition 14.7. Then H'™' < H; for all
i € Ng, where H™"! = [H, H, ..., H] with i + 1 entries equal to H. In fact,
H' = H = Hy and if ¢ > 0, then by induction and Part (a) we have

H™*' =[H,H'] = {{[h,z] | h € Hx € H'})
< {{[g,7] | g € G, € H" such that [g,z] € H'})
= FOCG(Hi) < FOCG(Hl',l) = Hz .

In particular, if H is hyperfocal in G' then H is nilpotent.

14.9 Theorem If H < G is a hyperfocal Hall subgroup of GG, then H has a
normal complement in G.

Proof We proof the assertion by induction on G. If G = 1, this is obvious.
Therefore, we assume that G > 1. We may assume that H > 1. Since H is
hyperfocal in G, F' := Focg(H) < H. Using Proposition 14.6, this implies
G/N = H/F > 1 with N := ker(V§)) and therefore, N < G. The subgroup
H NN is again a Hall subgroup of N (by Remark 10.2(g)) and hyperfocal in
N (by Remark 14.8). By induction, there exists a normal complement K of
HN N in N. As a normal Hall subgroup of N, K is characteristic in N and
therefore normal in G. Moreover, HN K = HN NN K =1, and finally, by
Proposition 14.6, HK = HHHNN)K = HN =G. 0

14.10 Theorem Let H be a nilpotent Hall subgroup of G. Assume that
any two elements of H which are conjugate in G are also conjugate in H.
Then H has a normal complement in G.

Proof We set Hy := H and H; := Focg(H;_1) for i € N. By Theorem 14.9,
it suffices to show that H; = H*™! for all i € Ny. We prove this by induction
on i. For i = 0, this is clear. So let ¢ > 0. By Remark 14.8(b), we have
H™' < H;. Conversely, if g € G and h € H,_; such that [g,h| € H;_;, then
ghg™t € H,_; < H. By the hypothesis in the theorem there exists k € H
such that ghg~! = khk~!. From this we obtain

[g,h] = ghg*h™' = khk™'h™ = [k,h] € [H, H;_1| = [H, Z;_1(H)| = Z;(H) ,
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and the result follows. U

14.11 Lemma Let P be a Sylow p-subgroup of G and let A,B C P be
subsets such that xtAx~' = A and xBx~' = B for all x € P. If there exists
g € G such that gAg~' = B, then there also exists n € Ng(P) such that
nAn~! = B.

Proof Let g € G with gAg™* = B. Then P < Ng(A )—{$€G|
rAz™! = A} < G and P < Ng(B) = Ng(gAg™) = gNeg(A)g™! < G.
Therefore, P and g~ Pg are Sylow p-subgroups of Ng(A) and there exists

y € Ng(A) with yg~'Pgy~! = P. Therefore, n := gy=! € Ng(P) and
nAn=! = gy tAyg~! = gAg~! = B. U

14.12 Theorem (Burnside) Let P be a Sylow p-subgroup of G such that
N (P) = Cg(P) (in other words that P < Z(Ng(P))). Then P has a normal
complement in G. In particular, G is not simple, unless P =1 or |G| =

Proof Since P < Ng(P) = Cg(P), P is abelian. By Lemma 14.11, any two
elements z,y € P which are conjugate in G are also conjugate in Ng(P) =
C(P) and therefore equal. Now Theorem 14.10 implies the assertion. U

14.13 Theorem If p is the smallest prime divisor of |G| and if a Sylow
p-subgroup P of G is cyclic, then P has a normal complement in G.

Proof If P is cyclic of order p™, then |Aut(P)| = p"~!(p—1). The homomor-
phism Ng(P) — Aut(P), mapping n € Ng(P) to the conjugation with n,
induces a monomorphism Ng(P)/Cq(P) — Aut(P). Since p is the smallest
prime divisor of G, this implies that Ng(P)/Cg(P) is a p-group. On the
other hand, P < Cg(P), since P is abelian, and Ng(P)/Cq(P) is a p'-group.
This implies Ng(P) = Cg(P) and Theorem 14.12 completes the proof. [

14.14 Remark (a) If G has a cyclic Sylow 2-subgroup P > 1, then P has a
normal complement K in G. In particular, G is not simple, unless |G| = 2.
Since K has odd order, it is solvable by the Odd-Order-Theorem. Therefore,
with G/K = P also G is solvable. Using representation theory, one can also
show that a finite group with a generalized quaternion Sylow 2-subgroup is
not simple.
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(b) Theorem 14.13 implies that every group of order 2n, with n odd, has
a normal subgroup of order n.

14.15 Theorem If all Sylow subgroups of G are cyclic, then G is solvable.

Proof We prove the theorem by induction on |G|. The case |G| = 1 is trivial
and we may assume that |G| > 1. Let p be the smallest prime divisor of |G|
and let P be a Sylow p-subgroup of G. Then P has a normal complement
K by Theorem 14.13. Again, every Sylow subgroup of K is cyclic, and by
induction K is solvable. Therefore, with G/K = P, also G is solvable. g

14.16 Corollary If G is a group of square free order (i.e., |G| = p1---p,
with pairwise distinct primes py, ..., p,), then G is solvable.

Proof This is immediate with Theorem 14.15. U

14.17 Theorem If GG is a non-abelian simple group and p is the smallest
prime divisor of |G|. Then |G| is divisible by 12 or by p®.

Proof Let P be a Sylow p-subgroup of G. By Theorem 10.13, P is not
cyclic. Therefore, |P| > p*. If |P| > p® we are done. Therefore we assume
from now on that |P| = p?. Since P is not cyclic, P is elementary abelian.
Therefore, Aut(P) = GLy(Z/pZ) and |Ng(P)/Cq(P)| divides |Aut(P)| =
p(p — 1)*(p +1). From Theorem 14.12 we know that |[Ng(P)/Cq(P)| > 1.
Since p is the smallest prime dividing |G| and since P < Cg(P), we obtain
that |Ng(P)/Cs(P)| divides p + 1. Since p is the smallest prime dividing
|G|, also p+1 has to be prime and we obtain p = 2 and |Ng(P)/Cs(P)| = 3.
This implies that |G| is divisible by 12. O
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15 p-Nilpotent Groups

15.1 Definition Let p be a prime. A finite group G is called p-nilpotent, if
a Sylow p-subgroup of G has a normal complement.

15.2 Remark Let G be a finite group and let p be a prime.
(a) We have
G is nilpotent = G p-nilpotent

\ \
G is solvable = G p-solvable

(b) Obviously the following statements are equivalent:
(i) G is p-nilpotent.
(ii) Each Sylow p-subgroup of G has a normal complement.
(iii) G has a normal Hall p’-subgroup.
(iv) G/Oy(G) is a p-group.
(v) G has a normal p’-subgroup K such that G/K is a p-group.
(c) If G is p-nilpotent, then O,/ (G) is a normal complement of every Sylow
p-subgroup of G.
(d) If G is p-nilpotent for every prime p dividing |G|, then G is nilpotent.
In fact, the homomorphism

G — p|G/Op/(G>’ g (gOp/(G))pHG\’
G

has kernel N, Oy (G) = 1, and since both groups have the same order, it
is an isomorphism.

(e) If G is p-nilpotent, then every subgroup and every factor group of G
is p-nilpotent (Homework).

15.3 Theorem (Frobenius) Let p be a prime, let G be a finite group,
and let P be a Sylow p-subgroup of G. Then the following statements are
equivalent:

(i) G is p-nilpotent.

(ii) For each p-subgroup @@ > 1 of G, the normalizer Ng(Q)) is p-nilpotent.

(iii) For each p-subgroup @@ > 1 of G, the quotient Ng(Q)/Cq(Q) is a
p-group.

(iv) For each p-subgroup @@ > 1 of G and each Sylow p-subgroup R of
Ne(Q), one has Ng(Q) = Ca(Q)R.
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(v) For each subgroup Q of P and each g € G with gQg~* < P, there
exist ¢ € Cg(Q) and x € P such that g = xc.

(vi) For any two elements x,y € P and each element g € G with y =
grg~ ', there exists an element u € P such that y = uzu=!.

Proof We may assume that p | |G].

(i) = (ii): This follows from Remark 15.2(e).

(ii) = (iii): Let @ > 1 be a p-subgroup of G and set K := O, (Ng(Q)).
Then, by (ii), N¢(Q)/K is a p-group. In order to prove (iii), it suffices to show
that K < Cg(Q). But for k € K and x € Q one has [k, z] = kxk™'z™!
K N@Q =1 and therefore, K < Cg(Q).

(iii) = (iv): Let @ > 1 be a p-subgroup of G and let R be a Sy-
low p-subgroup of Ng(Q). Then R - C(Q)/Ca(Q) is a Sylow p-subgroup
of Ng(Q)/Cq(Q) by Remark 10.2(g). This implies Ng(Q)/Ca(Q) = R -
Ce(Q)/Ca(Q), since Ng(Q)/Ca(Q) is a p-group.

(iv) = (v): Let @ < P and let g € G such that gQg~' < P. We may
assume that @ > 1. By induction on [P : @] we will show that there exist
c € Cq(Q) and x € P such that g = zc. If [P : Q] = 1, then P = @ and
gQg~' < P implies gQg~' = P so that g € Ng(P). But Ng(P) = P-Cq(P)
by (iv) and we can write ¢ in the desired way. From now on we assume that
Q < P. Then also gQg~' < P. For Ry := Np(Q) and Ry := Ny-1p,(Q)
we then have Q < Ry < P and Q < Ry < g 'Pg. Let R be a Sylow p-
subgroup of Ng(Q) with Ry < R. Since Ng(Q) = Cq(Q)R = RCs(Q) (by
(iv)), there exists ¢ € Ce(Q) such that cRyc™' < R. Let y € G such that
yRy~! < P. Then, by induction applied to B; < P and yR,y~! < P, there
exist ¢; € Cg(Ry) and x; € P such that y = z1c;. Similarly, for gRyg™! < P
and ycRyc 'y < yRy™! < P, there exist elements ¢, € Cg(gReg™') and
19 € P such that ycg™' = xaco. Since Cg(gRag™') = gCq(Rs)g™ !, there
exists c3 € Cg(Ry) with ¢y = geg™!. This implies ycg™! = z9gc3g™?, thus
yc = xagcs, and finally g = 5 'yees' = x5 wicicc3t with 23 2, € P and
cices € Ca(Q).

(v) = (vi): Let z,y € P and let ¢ € G such that y = gzg™'. If we
set @ = (x), then Q < P and gQg ! = (y) < P. By (v), there exist

)

c € Cg(Q = Cg(z) and u € P such that g = uc, and we have uzu™' =
ucxc lul = grg~! = .
(vi) = (i): This follows from Theorem 14.10. 0

15.4 Remark Let G be a finite group and let p be a prime.
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(a) One says that a subgroup H of G controls the fusion of p-subgroups
of G, if there exists a Sylow p-subgroup P of GG such that

e P < H and

e for ecach Q < P and each g € G with gQg™' < P there exist h € H
and ¢ € Cg(Q) such that g = he.

In view of Frobenius’ Theorem, the p-nilpotent groups are exactly those, for
which already the Sylow p-subgroups control the fusion of p-subgroups.

(b) If G has an abelian Sylow p-subgroup P then Ng(P) controls the
fusion of p-subgroups of G. (Homework)

(¢) The rank of an abelian p-group is defined as the minimal number
of generators. For an arbitrary p-group P one defines the Thompson sub-
group J(P) as the subgroup of P generated by all abelian subgroups of P of
maximal rank.

Let p be odd and let P be a Sylow p-subgroup of GG. J. Thompson showed
that G is p-nilpotent if and only if C¢(Z(P)) and Ng(J(P)) are p-nilpotent.
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